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Exam I
Section I
Part A — No Calculators

p-1
flx) = IZ = esinx
Fl(x)=2x+ &M L cosx

f'(0) =1
Snce f'(0) >0, f isincreasing. The answer is A.

p-1

y =X 00sX
g =(0SX—XSinx

cosx-xsinx=0

os X =Xsinx

L
x—tanx

p-2

With F(x) = G[x + G(x)], the Chain Rule gives
F'(x) =Gx+GX)]-(1+G'(x))

Then F'(1) =G'[1+G1)]-(1+G'(1))
From the graph of the function G, we find G(1)=3.

Hence F'(1) =G'[1+3]-(1+G'(1))
=G'(4)-(1+G'(1))
From the graph of G we can determine that G'(4) =—§- and G'(1) =-2.

Thus, E'(1) = % (1) =__% .

p-2

[ costxde=d ]’ cos2x-2 e Huin2aTy -4 (sing ) ~(sino )|- 4ol L.

2
The answer is E.




SOLUTIONS — Exam 1 Section [ Part A Multiple-Choice

p-2
2
f(x) = ﬂn_is)_

x-200%) 2 = (inx)? - (0 @-inx)

fi(x)= 2 >

The critical numbers are x=1 and x = e,

x> e = f'(x)<0 = f is decreasing.
1<x<e? = f'(x) >0 = f is increasing.
De<x<1 = f'ix) <0 == f is decreasing.

The relative maximum is at x = e=.

p-3
Graph the function f(x) = l 2% — 3| on the interval [-1,3].

Since the interval has length 4 and the Riemann sum is to
have 4 equal subdivisions, each subdivision has length 1.
Since it is to be a right-hand Riemann sum, we use function 3
values at the right-hand ends of the intervals; that is, at 24
x=0,1,2 and 3.
1
Ry = 1-[f(0)+ £(1) + £(2) + £(3)]
=1-[3+1+1+3]=8 -1 1 2 3
p-3
y=x2+3x%+2 = %;' =32 +6x
2 =4
d
d_.x% 6x { ai. a3

Hence the point of inflection is (~1,4) and the slope of the tangent is -3.
Then the equation of the tangentis y—4 =-3(x+1), so y=-3x+1.

p-3

{ cos(3 - 2x)dx = —% ] (-2) cos(3 - 2x) dx
= -3 §in(3-20+C
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No Calculators SOLUTIONS — Exam 1 Scction 1 Part A
9. B p4
x1’9 + .‘/9 + -2-
lim @ lim = lim
x—=w 44X+ r—= 4x+3 x—=® 4 4 X
10. B p-4

Each cross section perpendicular to the x-
axis (at ooordmate x) is a semicircle of

radius 2x . The cross-sectional area is

2"(2x)

Hence the volume of the solid is given by:

4
o 4
1 1 (1 = 1 e 1 _ 3=
V= J.i-n(-z—x) dx =§J;§dx =~8"[—7]?=8(—~4+1) =32
1

11.

p-4

g0)= 1 fOdt = g =f) = ') =)
2

The slope of the graph of f atx=0is %

Since the derivative of f atx =0 is the slope of the graph of f atx =0, we have

£"(0) = f'(0) =5

12.

p-5
x 3
2 2 () - 8x> _ -Bx
F(x) = ’ S dt thus F(x) = T and F’(x) (1 T Ty

L F(0)= j —27 dt = 0. False
6

2 2
1L F(z)'—‘j"*‘f dt and 1:("5)"=[’f1+t f1+t‘ at +trl+t‘ ot

Since 2__ is a positive valued area function, then F(2) < F(6). True
+ X

0
L. F7(0) = W =0 True
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14.

p-5

Draw a solution curve on the slope field. This looks
like an up-side down cosine curve. That is, the
solution of the differential equation for which we
have a slope field is y =-cos x.

The differential equation is %xl = sinx.

15.

p-6

lim ¥* -1 _ lim (JZ -DT +1)
x=1 Xx-1 T x=1 (x=D(Vx +1)

i x—1
=Rﬂ&$%ﬁt?’kﬂw—n)

16.

p-6
2 . 2

y = cos”x—sin”x
y' = -2cosxsinx — 2sinxcos x = —4 sin x cos x

P P Y ol ol ol el el ol ool ol =l =

17.

p.6

2
f(4x3+6x-§-)dx

(x4+3x2—1n|x] ] :
1

(16+12-In2)~-(1+3-In1) = (24~1n2)

Il

18.

p-7
e= [t ace fli- dylax = xomlxe] vc

F

' 4

F F4

&
- o

-

7

/_/f_/{__/;_/_/i_r‘

§

4
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No Calculators SOLUTIONS — Exam I Section I Part A

19.

p-7

The property that g(-x) = g(x) forall x means that the function g is even. [ts symmetry

around the y-axis guarantees that g'(-a) = ~g'(a).
More formally, differentiating the first property gives
g'(=x) * (-1) = g'(x).

Thus g'(=x) = - g'(x).
20. p-7
y= Arctan%
1 T ; '
y = %——;z = 9—3—;3 . This implies that y'(0) = % .
O
9
Hence the line goes through the origin with slope % ;
Its equation is y—(}-—-%(x—o) , which can be written x -3y =0.
21, p-8
Solution L With a reasonably careful graph, it
is possible to obtain an estimate of
the definite integral by counting \
the squares under the graph of f(x)
on the interval [0,3]. \
Solution II. Having determined that the
change in the function definition
3
occurs at x =1, evaluate gf f(x) dx .
This is done in two parts, as:
3 1 3
Jroaax = ﬁf(x2+4)dx + [(6-x) dx
3 1 2,3
-5 o] +fe-7]
0 9 ; 1
1 1
= [3 +4] -0+[18 - 5] -(6-3) =12+3
22. p-8
£(x) = In(e** + 3sinx)
¥ 1 2x
F'®=—mamms (2" + 3cosx)

Tangent slope is f) = 05350 (2e° + 3cos0) = HLO(:! +3-1)=5. The answeris E




SOLUTIONS — Examn | Section 1 Part A Multiple-Choice

6
23. p-8
; g _ o
g'ix)=2g(x) = ) T
Integrating gives In 1g()] =2x+C
Then g(x)=ezx+c
Using the initial condition that g(-1) =1, we have
g-)=e2*C o1 = c=2
Hence glx) = S
The notation is simpler if we let y = g(x). Then the equation is y'=2y. The solution
proceeds as before
y=2y = ¥ =2 = Ilyl=2+C
= y= we € Sinoeg(—1)=l,y=eh+c
24. D p.9
We antidifferentiate the acceleration function to obtain the velocity.
alt) = 3t+2 = v(t) = §t2+2t+c
v(l) = 4 = 4=2§+2+c = C=51
Thus v(t) = % i:2+2t+-21l
Antidifferentiate again to obtain x(t) = % t34t2+ % t+D
1) =6 =  6=1+1+3+D = D=4
Then the position functionis x(t) = % t941 %4 % t+4.
Hence x(2) = 4+4+1+4 =13
25. B p9
y=+3+¢e" passes through (0,2).
X
€ . when x = 0, this has a value of ;I— :

g)i - —
23+ ¢

The equation of the tangent line at (0,2) is y~-2 = % Xx,or y=2+ -41 X.
When x = 008, y = 2+4l(.08} = 2.02.




_-—v—'a‘uMLUIULU\leuwkUW«UWWLUUUU'U'UUUUUUUUUUUUUUUUUU’U'L;L'L

No Calculators SOLUTIONS — Exam 1 Section I Part A 7
26. P 9 .
For 1 <t<3, the leaf rises 5 feet in 2 seconds. 8§ = 2§ = 2.5 ft/sec.
For 3<t<?5, the leaf falls 10 feet in 2 seconds. s = _;Q = 5ft/sec.
For 5 <t<?7, the leaf rises 3 feet in 2 seconds. 5 = g = 1.5 ft/sec.
8

For 7 <t<9, the leaf falls 8 feet in 2 seconds. =5 = 4ft/sec

Since the slope of the graph is constant on each of these intervals, the only other
interval of interest is 0 <t < 1. During that period, the leaf rises 1.5 feet in 1 second.

Then s = —llé = 1ft/sec. |
The maximum speed is 5 ft/sec, occurring in the interval 3<t<5.

27. p- 10
Differentiating the given volume function with respect to t gives
av 2y dh
Weknow 9¥ = 30n f/sec, and are interested in & when h =2 ft. Substituting these
values, we have
30% = 2 (12-2-2) D | Hence B - _ 156/hr.
28. p.10

(=233 -52% = £ = FRB-P N PP x-)

The function f has two critical numbers:
x=1 (where f'(x)=0) and x=0 (where f'(x) is undefined).

To determine the sign of the first derivative, we consider the intervals into which these
critical numbers divide the domain of the function.

x<0 O<x<1 x>1
173 _ & +
x=1 - - +
£'(x) + - +

f(x) is increasing if and only if f'(x) >0. Thisoccursif x<0 or x>1.




Exam I
Section I
Part B — Calculators Permitted

p- 11
3 :cf_’_’; f(x)=-1 False
g o 2+0-@) _peo)-p True
True

lim o i
nr T ) =1=£3)

p. 11
f{‘x}zsinzx = f'(x) = 2 sin x cos x = sin (2x)
b g'x)=x

g(x) = .55
From a calculator graph of the functions f' and g, we see the only possible solution is

x=009.

p-12
Here are two possible calculator solutions.
First, look at graphs of the functions f and g, and find those intervals where the

|

graph of f is above the graph of g.
The cubic function f(x) is above the
quadratic function g(x) when x is between 0
and 2. Thus, the integral of f will have a
larger value than the integral of g on the

intervals [0,2].

¢ to evaluate these definite integrals on the intervals

1I. Second, use the calculato

[a,b] indicated.
b b
f £(x) dx f g(x) dx
a a
I. a=-1 b=0 917 1.333 False
II. a=0 b=2 1.333 -1.333 True
[I. a=2 b=3 -3.583 1.333 False
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Calculators

SOLUTIONS — Exam I Section I Part B

p-12
)’2-—3)( 7 = 2);3-% -3=0
dy _3
dx =2y 4 3
&y _ 2y-0-3-25 Sy 9
dx ay* ay® :1;3
p.12
I. h(0)=g(f(0)) =g(5)=0 False

II. h'(x) = g'(£(x)) - £'(x)
Thus h'(2) = g'(f(2)) - £'(2)
=gW-(-}) =2 3)>0 True
HI. h'(4) = g'(f(4)) f@) =g'@-1=0-1=0 True

p-13

If (x,e*) is on the curve, then its distance from the origin is
D= +/x* + e** . Use a calculator graph of this distance function and find its minimum.
At x = —0.426, the minimum distance of 0.78 is achieved.

p-13

In the figure, we need the area of the
region ODBC. This can be calculated as

area of trapezoid OABC - area DAB. y=4=x
The coordinates of points B and D are /
found using the calculator. Then the C (0,4)

desired area is Y =X—C0SX

1.858 1.858
B (1.85824,2.14175
a= Cr|‘(4—>c)dx - J(x—cosx)dx ( )
759 A

~ 4.54. = < \

/ D (.73909,0)

p-13
y=xt- x2 - ¥

y' = 43 ~ 2x - 2e*
y' =123 - 2 deX

Graph the second derivative on the interval [-2, 2] and search for zeros. The graph
shows that y” changes sign at x = -0.531.
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10

9. c pld 5
& _ 177 = V=142 e s

dt

10. C pl4 6
We use the disk (washer) method. V== [£( x)]z dx

d Rule with five subintervals to approximate this, we obtain

Using the Trapezoi
2(5) + £%(6) ]

V- T= g[f3{1)+2-f2(2)+2-f2(3)+2-52(4)+z-f
[22+2-32+2:42+2-32+2-2%+1°]

+81 =~ 127

MR Ny

11. E pM

Solution L We can do the problem algebraically:

Given the position function x(t) = (t+ 1)(t- 3)3,
we differentiate to obtain the velocity function:

i) = (t+1)-3-3%+(~-3)° = 437
For the velocity to be increasing, we need v'(t) > 0.
Vi) = £-3)7-4+ @40 -2(t-3) = 12(t-3)(t-1).

We find that v/(t) > 0 if t >3 or t<1.

Solution II. Alternatively, we can do the problem .
graphically. Given the position x(f), the \/

velocity is v(t) = x'(t).
For the velocity to be increasing, we need

v'(t) > 0. That is to say, we need
x"(t) > 0; hence we want the graphof x(t) tobe concave up. From

the graph of x(t) shown, we recognize that the curve is concave up
when x<1 and again when x>3.

12 E p.15
2
2
= 257 =507
The inverse of this function is found by solving x = 2

2
= = y-x=2y =  xy-2y=x

|

37 for y.
= y(x-2)=x
=% g(x}:y:){f—z

Th ' - (x~2)-x 5 =2 y =
en g'(x) o2 e R Hence g'(3) = -2.
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13. C p15

Divide the integrand fraction and rewrite the second term.

I2 2
€32 g m [[1- 23] dx =f[1-2xe [ ax
e e
2
= f[ 1+e {—2x)] dx
In the second term of the integrand, the factor (-2x) is the derivative of the exponent in
2
the factor ¢ . Hence we can perform the antidifferentiation:
2
f[ 1+e™* (-2x)]dx - e ® 4C.

4. C p. 16

y _ (x-1)(x -4)%

£x) = 1+ x4

, 1)(-8 8
Lo =68 - 8 s Fake
0. On (1,4), x -1>0, (x-4*<0 and1+x*>0
Hence, f'(x) <0 on(l, 4) and F is decreasing there. False

I £(3)<0 f(4)=0 £(5 >0 Hence, f(4)is a relative minimum. True
15. B p.16

For continuity, Jim g = UM fx) =  3+3b=m+b

For differentiability, LM £() = I () =  3b+d4=m

We solve these two equations simultaneously:
{ 2b+3=m

3b+4=m

== b=-1 and m=1
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SOLUTIONS — Exam I Section 1 Part B Multiple-Choice

16.

D

p. 17
Solution I. On each two-second time interval, we can approximate the speed by using
the average of the speeds at the beginning and the end of the interval.

Distance traveled ~ 66 ft.
Distance traveled =~ 76 ft.
Distance traveled ~ 88 ft.
Distance traveled =~ 102 ft.
Distance traveled ~ 114 ft.

On the interval [0,2], speed ~ 33 ft/sec.
On the interval [2,4], speed ~ 38 ft/sec.
On the interval [4,6), speed ~ 44 ft/sec.
On the interval [6,8], speed = 51 ft/sec.

On-the interval [8,10], speed ~ 57 ft/sec.
If we add these approximate distances traveled, we obtain 446 ft.

Solution II. Since #(f) > 0, on the interval [0, 10], the distance is the value of the
10
integral [o(t)dt .
/

Using Left and Right Riemann Sums, we approximate the integral as
L, = 230+ 36 + 40 + 48 + 54] = 416

R, = 236 + 40 + 48 + 54 + 60] = 476

follows:

10
L. +R
Dis{'ance-fv(f)dt o =B - 5 _ 416;476 - 446
0

17.

p-17

X

Rewrite the given formula: F(x) = =5+ J sin(%t) dt .

We obtain F'(x) by using the Fundamental Theorem:
F'x) =0+ sin(J4E ).

We can then evaluate both F(2) and F'(2).
2

FQ2) = -5+2fsin(%5) dt =-5+0 = -5
F'Q) = sin() = sin} =1

Then F2)+F'(2) = -5+1 = 4.
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Exam I
Section 11
Part A — Calculators Permitted

p-19

(a) Since the graph of f is a straight line here, f'(3) = slope
-3-3 _
4-2 ’

(b) Using alinear approximation between (-1, -1) and (1, 2),

' 2-(-1) 3

(©)  h(x) = glf(x)]
i) h(2) = g[f(2)] = g(3) = 0.
ii) h(x) = g'[f(x)] f'(x)
9

1'(3) = g'If(3)] £13) = g'(0)+(-3) = %(—3) --2.

4
(d) Using areas, we approximate J' f(x)dx as a trapezoid plus a triangle
0

minus a triangle.

4
[fGx)dx = L+ +Lme -me) ~4.
0

1:difference quotient
" | 1:answer

{ 1:difference quotient
2.

1:answer

1:A(2)
2 1
{2:)‘1'(3)

2:answer
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Free-Response

2.

p- 20
(a)

To find the coordinates of Q, we write the equation of the tangent to the

graphof y = f(x) at the point P(-2,8).

£'(x) = 32+ 6x-1.

Using x = -2 wefind f'(-2) = 12-12-1 = -1. The line through the
point P(-2.8) withslope m = -1 isy~8 = —1(x + 2) which can be
rewritten: y = -x +6.
We now solve simultaneously the equation of the cubic and the equation of
the tangent line.

3 2
=X"+3x"=x+2
y = x3+3x2-x+2=—x+6
y-—»x+6
=  XC+3%-4=0
= (x +2)(x2+x—2)=0
= (x+2)(x+2)(x-1)=0

There is the known intersection point where x =-2. The new point has an
x-coordinate of x = 1. The corresponding y-coordinateis y = 5.
Hence Q is the point (1,5).

(b) To find the inflection point R, we need f"(x).

(c)

f"(x) = 6x +6.

f'(x) = 0 ifand only if x = -1.

When x = -1, the cubic function has a y-value of 5.

At x = -1, the value of f'(x) changes from negative to zero to positive,
hence the point of inflection of the graph of f occurs at R(-1, 5).

Shown to the right is a graph of the
function f, with the points P(-2,8),
Q(1,5), and R(-1,5) identified. To find
the areas of the two regions described, we
determine the area of the combined region
A UB and then determine the area of the
larger of the two regions, region A.

1
Area of region AUB = I[(—x+6)-—(x3+3x2—x+2dx)] = 6.75.

1
Area of region A = ![5—(x3+3x2-x+2)] dx =4.

By subtraction, Area of region B = 2.75.

. - . 4
The ratio of these areas is ﬁﬁfg’,ﬁ%ﬁg =275 T1

I

= 1.455.

Pt

3:

l:slope
l:tangent equation

I:intersection pt

1:Solves f"(x)=0
1: point

I: justification

1:area of region A
1:area of region B

l:ratio
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15

3. p.21

(a) dv  v(30)-v(20) 11-

(b) Midpoint sum = 20[v(10) + v(30) +v(50)] =20(14 + 11 + 40) = 1300 feet

(c)

7
=04 ft/ sec:2
dt 30-20 10

vp(t) = [—A—=dit =24/t +9 + C

t+9
3=v(0)=6+C=C=-3

vB(r)==2‘J: +9-3

v5(40)=14 —3=11 < 12=v,(40)

Car A is traveling faster at time ¢ = 40 seconds,

[ 1:a difference quotient

using numbers from

:J table and interval

contains 25

L1:0.4ftfsecz

[ 1:usesv(10),v(30),

2: . V(SO)

A5

1:answer

[1:24/7+9
1:constant

1:useinitial conditions

1:finds v3(40)

1:comparestov, (40)

and draws conclusion




16

SOLUTIONS — Exam I Section II Part B

Free-Response

4. p.22

(a) We calculate slopes at each of the fourtcen \

(c) At the point (1,0),

points.
At (-22), m = 4. At (-1,2), m = -3.

At (112): m = ‘-1-

At (0,2), m = =2
At (22), m = 0. At (-1,1), m = -2,

At (0,1), m = -1 At (1,1), m = 0.
At (1), m = 1. At (0-1), m = L
At (0,0), m = 0. At (0,1), m = -1.
At (-1,-1), m = 0. At (0-1), m = 1.

Then draw short line segments through
each of the points with the appropriate

slope.

I

dy
dx

solution must be m
1is y-0=1(x~1)
Hence the solutionis y = x—1.

X-y =X~ (x-1+Ce_x).

This simplifiesto x - y = 1~ Ce™.
dy _

Thus,if y =x -1+ Ce, then g =

= 1-0 = 1. Hence the slope of the straight line
1. The line through the point (1,0) with slope m

~ d
(d) Given the function y = X = 1 + Ce™™, wehave '&‘;'(:
We can also write the expression X~y in terms of x:

X =Y.

\ LN =
\ } — 7/

——

N

=1~ ce™

: 1:zero slopes
1:nonzero slopes

(1:go through(-1,1);
1:follow the given
slope lines and extend
to the boundary of
the slope field.

1:slope
' 1:tangent equation

[ .dy -x
I'dx=1 - Ce
3: ] 1:substitution

1:conclusion

L
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5,

p-23

(a) £'(3)=2. Hence the slope of the tangent line at the point (3,1) is m =2.

(b)

(o)

(d)

(e)

Then an equation of the tangent line (in point-slope form) is:
y-1=2(x-23)

f has critical values at the points where x = 1and x=-3,

because f'(x) = 0.

To the immediate leftof x =1, f'(x) < 0, implying f is decreasing
there.

To the immediate right of x =1, f'(x) > 0, implying f is increasing

there.
Since f is decreasing to the leftof x =1 and increasing to the right of
x =1, there is a local minimum there. Both to the left and right of

x=-3, £'(x) < 0, so there is no relative max/min there.

£"(2) is the slope of the graph of f'(x) at x = 2. Draw an estimate for
the tangent line to f'(x) at x = 2. Pick two points, suchas (1.2, 1)
2.5 -1 1.5 5
S = . (Any

and (3, 2.5), and the slopeis3—75 = 738 T ¢

answer between 0.5 and 1.25 would be satisfactory.)

The graph of f has inflection points at x = -3, —1 and 3 because the slope
of f'changes sign at x =-3,-1and 3. Put another way, the derivative
of f has local extrema atx =-3,—-1and 3,

The only candidates for maximum value are the endpoints x =0 and
x =4, and the critical number at x =1 . In part (b) it was established
that f has a local minimum at the x = 1. So the maximum value occurs at
0

an endpoint. Atx=0, f(0)= C" #(x) dx =0. Since the area of the region

below the x-axis is smaller the the area of the region above the x-axis,

4
f(4) = Of f(x) dx >0. Hence f has its maximum value for that interval

at the right-hand endpoint, x = 4.

|
|

1:slope

1:tangent equation

1:answer

1: justification

1:answer

|
|

1:answer

1: justification

1: answer

1: Justification
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Free-Response

: L\
(Arccos k, k)

y=k X
x/2

(a) Arceas k
area = [ (cosx—k)dx = [sinx - kx]:m“
o

Note: Letting A = Arccos k, we
= sin{Arccosk) — k Arccosk havecos A = kand

4
sind = 1|!I~c<'y52x = 1 — .l:z..

=4/1 — k* — k Arccosk

1 V3 1 1 3
0 k=} = A=P -] A =P
(©) Ingeneral, A= Vi-k* - kArccosk
*5 dk 1 dk
Then 38 = —2—— (Arccos k) G -k =
1- k2 -
di|__—k k
= ¥ ~ Arccos k +
d’bl—kz 1-k2
di
= (-Arccosk) 3 -
; 1 &k _1 L dA 1 1
With k = 3 and g =3, weobtain G =-3 -3 =-3 .

1:limits
1:integrand
1:antiderivative

1:answer

1:answer

4:)

(. dA
= di
1:substitution

1:answer
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p. 25
f(x) = 4x>-3x-1 =  £2) =32-6-1=25 =  Point (2,25)
£(x) = 12x% -3 - f'(2) =48-3=45 =  Slope=145
y =25 = 45(x-2) = y = 45x—65
p-25
: 1 1 2
= —;(cosm—cos0) = —;{(—1-—1) = I

Jsin(n:x) dx = —%cos(nx)]o =

pP- 26
This is the definition of the derivative of the cosine function at coordinate x. Hence

111i_r'n‘[) cos!x+_2!-cosx = woel) sy

p- 26

The graph is concave up when y" > 0.

y = X7 5x% + 10x + 15

y' = 5x*-20x% + 10

y" = 203 —60x> = 205 (x—3)

The factor (20x%) is always positive. The signof y" depends upon the sign of the factor

(x-3). y" >0 ifandonlyif x > 3.

p- 26
Tt T
Jsinxdx = —cosX |
14 0
/\ = —cosm+cos0 = 2.
i
k  n/2 :u Thus the whole region has area 2.

We need to divide this into two parts, with the left-hand section having an area that
k

is ;} of the whole region. Hence we must find k so that J sinxdx = %(2) = %

k

This gives: —cosx] =
0

wld

= —cosk+1 = = cosk:%- = k=

=1 P
e ] Y
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cC p27
x(®) = (t-2°(t-6)
L) = 3-22 -6+ (-2’
= t-22[3(t-6)+(t-2)]
= (t-2)% (4t-20)
= 4(t-2)* (-5
This is positive-valued when t > 5.

p_27
(x2— 1)2 = x*- 2+1

f{x‘-2x2+1)dx= '51-"5—32)(3+X+C

p-27
Note that the numerator is the deriva

n/3
2 /3
fsﬂ-——ecxdx =]n]tanx’] =lﬂl tan%’-—ln
7 n/4

tan x
=1n?'3—lnl=]n'\73.

tive of the denominator. Hence

n
tan z

problem can also be done with a formal substitution.
sec™ dx.

In addition, since this is a definite in
T
When xsf,then u=tang =1

This integration

Let u = tanx. Then du =
tegral, we can change the limits of integration.

Whenx=§,then u~—-tan§=J§.

ﬁ 3
sec’ X J‘f-ﬁi= mlullr:m«!i-mhmﬁ.

3
2
tanxdx:

T
Hence
k1

B

p-28

: 2 i
lim _x -6 _ _lim SR
x—® 24+ x-3X x-rm,?i.,,_i_?, 3
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10.

D

p. 28

2
J':\sz-4x+4 -jja\!(x-z}2=0r|x-2|dx

To evaluate this integral, count
squares in the graph at the right, or
note that the area of the triangle is 2

3@ = 2 1f-2

11.

p-28

g = 53

oy X421 (x=2)-1 _ _4
) (x +2)° T (x+2)°
Hence g'(2) = f‘j = Zl

12,

=x+ C At(-1,1) -1=-1+C and C=0

=X+ 0 = y--—%

The largest domain that contains (-1, 1) is x<0.

Notice that this function does not have a derivative at x = 0, so the condition x < 0

must be added to the solution y =— } in order for it to include x = —1 and be a solution of
the original initial value problem.

In general, the solution of a differential equation must be a continuous function on an
open interval containing the initial value x-value.

13.

p-29

fx) = @2x-3)*

£'(x) = 4(2x~3)>-2

£'(x) = 4-3(2x-3)%-22
£''(x) = 4-3-2(2x-3).23
(@) = 4124
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Multiple-Choice

22
14 D p29
4 4 4
J(f(x} #3)dx = J o0 dx+ f3dx
=6+3-2=12
15 A p.30
2xy +siny =2x When y=x, then 2nx + 0 =2m, andx=1
Using implicit differentiation we obtain 2y + 2xy’ + cos yj—f= 0.
- M. . -2x
dx ~ 2x+cosy Atﬁ’n)’gz‘f-_lgﬁh
16, C p-30
Solution .  f(g(x)) = flnx) = e2InX = nx’ _ 2
Then the derivative of f(g(x)) is 2x.
The value of the derivative at x =e is 2e.
Solution II. D [f(g(x))] = £'(g(x)) - 8'(x).
At x =g gx) =1
Hence we want (1) - g'(e).
£00 = 26> and g() = 1,50 £(1) = 2¢? and g(®) = -
Thus D_[Hg)], at x = e, has the value 2673 = 2.
17. C p.30
1 4 : 1 2
afxe" dx = EJ(ZXJEX dx
i 1
1
0
18. E p-31

= 6
hu(x) = %(X?'—il-) 1/4, (2.)() = mm
Then calculating h'(2) involvesa 0 in the denominator and a nonzero numerator,
hence, h'(2) does not exist.
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19. B p. 31

y = ‘E-T;r- o 2. 413 gi" _%x-lfz +§x—7!3
x Vx

200 D p3

In order for f to be continuous, we must have hm f(x) £(1).

llmf(z) = !rm-——-—-—'” Lo

= i Vx+3-/3x+1 ) A x+3 +4/3x+1

x>l x-1 N x+3 +4/3x+1
(x+3)—(3x+1) . —2x+2
- lim - 1
x'_.l (x=D)V/x+3 +4/3x+1 jinl (x=D/x+3 ++/3x+1
—2(x—1) . -2 1

.hm = l m ————=—7%
11 (X=D)/x+3 +4/3x+1 ;HI x+3+/3x+1 2

Thus k must equal -%.

21.

D p.32
00 = 553
(2x-3) - x
f'(x) = (2x
=3)
2
f(1
¢ (—I)

The normal is a line that is perpendicular to the tangent at a point. Since the tangent
lineat x = 1 hasaslope of -3, then the slope of the normal there must be 3 Since
f(1) = -1, the point at which the normal is to be drawn is (1,-1).

Thus the equation of the line is:
y+1= —(x 1)

3y+3 = x-1
4 = x-3y
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22, p.-32
With f(x) = xIlnx, wehave f'(x) = x-% +Inx =1+ Inx
The critical number occurs when f'(x) = 0.
l1+lnx =0 = Inx = -1
= X = e_"II
Evaluating the function f at x = e}, we have:
f(e™) = e lin(e™) = (1) = -1
To be sure that this is the minimum value, we check the concavity of the curve at x = el
£"(x) = ;}, so £'(x) has a positive value at the positive number x = €,
Hence the curve is concave up at the critical number x = €™, so there is a minimum
value achieved there,
23. p-33
The slope field shows segments all with the same slope for a given y. That is, the slopes
dono vary as x changes. Hence any suggested solution that has x in the formula for %
is incorrect. That allows the elimination of three of the proposed answers. If the correct
answer were g—-& = yz, then the slopes of the segments would be at least 0 everywhere.
They are not. Hence the correct answer is %XK = -y.
24. p- 33
n/4 n/4
4 4
Elzarseczxdx = tanx]o e B
25. p.33
g'(x) > 1 assuresus that g is strictly increasing. Then g will be one-to-one, and
therefore will have an inverse.
26. p-34

Since f is continuous, positive at x = 4 and negative at x=5, b):' the Inter{nediate Value
Theorem, there is a point in the interval [4, 5] where the function value is 0.
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27, A p- 34

2x X

With G(x) nofcos(tz) dt, we first let F(x) =orcos(t2) dt.
Then by the Second Fundamental Theorem, F'(x) = cos(x2).
In addition, G(x) = F(2x).

We use the Chain Rule to differentiate this.

G'(x) = F'(2x) - 2.

Since F'(x) = cos(x?), we have F "(2x) = cos((2x)?) = cos(dx?).
Thus G'(x) = 2 cos(4x?) and G'(V#) = 2 cos(dn) = 2.

28. E p. 34

Velocity is the rate of change of the position with respect to time.
Hence we need to determine %—xg .

Differentiate the given expression implicitly with respect to t.
t- dx = 2)(9_’5 dx dx _ _x
de +X=2xG = x=2x-tg = EEEoa

When the particle is at x =2, the time is determined by the equation

tx =x? + 8; in particular, 2t =12, so t=6.

Then the velocity is evaluated by substituting x=2 and t=6 into the expression for %xt-
ax_ 2 _

dadt — 4-6

YV IVIVVVIVVVVVVVIUVLUVLVLELWLLLWLLUVLLWLLVLLLULULL
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Part B — Calculators Permitted

E P35
A function has a derivative at a particular x-coordinate if its graph is smooth there.

X

Ly=’x3—3x2J IL y=Vx’+.01 —-’x—-l' IL y= S

e

/ |

All three of these graphs are smooth at x = 0.

D p35

5
20 002t

d 0
= = p al
02 J 5 1000 (e -e") 105g

5
Volume' = of 2002t gt =

D p.36

(a+x>)-6-(6x) - (3x) _ 6a—~12x3.

(a+ x"")2 (a+ x3)2

By the Quotient Rule, f'(x) =

Then £'0) = F = 2.

1 6
We are given that £'(0) = 3. Hence 3 =3 s0a=2

C p.36

(X-I)z (x-:l):2 _ox=1 .
) = ~5 o = oA = 23 XL

1. £(1) does not exist; hence f is not continuous at x = 1. False

I1. HHI‘ f(x) = 0; thus there is not a vertical asymptote at x = 1.
x—b

3
There is a vertical asymptote at x = 7. False

lim e ' True
111, bl f(x) = )

&F £ F F
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Calculators SOLUTIONS — Exam Il Section 1 Part B
5. C p.36
Solution I. By the Chain Rule, %xx = % %
1
9y _ 14+2¢" and ﬁ— =%, then % = (1+2e%) % -

When x = ;1, we have u-—-1+1n% =1-1=0.

With those values: g—f =(1 +2e0)-e = 3e
1+lnx _ 1 4 Inx + 2ex

Solution II. Substitution gives y = (1 +Inx) + 2e
14z

Thengf-_-)%+2e,sowhen X =g

p. 37
Since the radius is always 3 times the height, , we have h = 31, s0

V= %urz(%r) =343 Then %t! = %mng%
On the graph, we see that when t=6, then V =4n. In addition, we can approximate the

slope of the curve, d—df'—, at the point where t = 6.

dv 1.6m
& '~ 2 =0
Knowing that the volume is 4% when t = 6 allows us to compute the radius of the
3 1/3
= r=36"".

conical pile at that moment. 4x = gar
S ; . dv 1 1‘2 dr
Substituting these values into the equation ‘g =3 n1" g , we have:
2.4xn

1 2/3dr . . dr
0.8 = 3736 / dt - Which gives g ol 7 i 0.22

p. 37

I. /(1) =1, £f'(3) ~ -2 True
2

IT. I,'f(x) dx ~ 6.5, f'(35) =0 True
lim f2+h)-f2) _ vy

- ?50 f 2 .5-22(2) .21
(2.5)-(2) 25-23 _ <2 _ 4 True

25-2 T 25-2 — 5 7 °
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8 A U’.‘
. p.37 U‘j—
x
Solution I.  Starting with 5x3+40 = [f(t)dt, differentiate to obtain 15%% = £(x). Uj"
a
fo2 3]* ""1’
Then !lfit dt = 5¢ ] = 5%°~5a° U"
a j’
. " 3 X u
Since we are given that 5x° +40 = [ (t) dt, vy
a
we can set 5x3+40 = 552, Uj’
Then -5a° = 40, so a = 2. U-l
a
Solution II. Letx = a, then 5a° +40 = [f(t)dt = 0. U%
a
Then 5a° + 40=0, and a = -2, 81
Op
9. p. 38 L™
Use the washer method. Uf
/e
In3 2 (J:
4 V= 2 [(€/2+1) -2 dx 75
_,,.--f'"L  dal u :
~ 5.128. G
n3 2 ° (",
y=-1 U
._(,-
U
10. A p.38 . ¢
&  xsinGd) G
dx y C
ydy = x sm(xz) dx “C
[ydy = fx sin(x?) dx “¢
7 = ~5cos(®) + C A
Yz = -cos(xz) +D ¢
x=0y=1 = =-cos(0)+D = D=2 h
y = V2-cos(x*) A
3
N
1. D p.38 . ~
y= sinu Uu=v- v v = Inx ‘
du 1 dv 1
& ~oosu & =1+7 & =x .
x=e¢ = v=1 = u=0 R
dy _dy du dv ;
dx T du dv ' dx
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122 ¢ p39
The average values of the functions f and g on [0,b] are
b

b
';'j'ms(zx)dx and 16[(ex—])dx.
0

Setting these equal, we have b J cos(Zx) dx = ﬂf (e* 1) dx

b
J cos(2x) dx =df{ex— 1) dx
0

=(ex--xl
0 0

%sin(?.b) = (P-b)-(1-0)

%sin(Zb) = Pb=1

%sin(Zx)

The intersection of the graphs of Y1 =% sin(2x) Alternatively, the zero of

and y2=ex—x—1 y=%sin(bc)-ex—x—1

occurs at x ~(0.854 . occurs at x=~0.854.

13. D p.39
I. The function f has a horizontal tangent at each x-coordinate
where f'(x)=0. This is the case at x=-3, 1, and 3, but notat x=2.
II. Since f'(x) < 0 for x <1 and f'(x) > 0 for x > 1, the function
f is decreasing to the left of x = 1 and increasing to the right.
II1. Since f'(x) is increasing to the left of x =-3 and decreasing
to the right of x =-3, the concavity if the graph of f will

changeat x = —3.

False

True

True

4. D p.40
f(x) ~ f(a) + f'(a)(x - a)

When x = 2.8, a =3, f(a) =5 and f'(a) = 4, then

f£(2.8) ~ 5+4(2.8-3) =
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15.

P 40
N(t) = 200In(t? + 36)
1
i - 200‘ . 2'
N = e

The graph of N '(#) has amaximum at £ = 6 days
N“(t) (fz + 36)(400) - 4001‘(2{) _ 14400 - 4001;2 '
(% + 36) 2 + 36)2

= 36 and ¢t = 6 days.

Alternatively,

N"(t) = 0 when #2

16.

p.41

a(t) - 4o =
When t = 0, then v = -2
Inthelastequahon, this gives -2 = 2eY+C, sothat C = 4.

Then v(t) = 2e%-4.
Antidifferentiating again, we have x(t) = e2t _ 4t + D.

When t = 0, then x =2
This gives 2—e-—40+DsothatD
Then x(t) =e*—4t+1, and we obtain the partlmlarvalue x( )=e-1

v(t) = 2e2t1C

17.

p- 41
I. Ontheinterval (-2,-1), f'(x) > 0. Hence f is increasing True
II. At x = 0, f'(x) changes from decreasing to increasing. True
False

III. On the interval (=1, 0), f'(x) is decreasing, so f is concave down.
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1. p.43

The curves intersect at A = 1.102.

A
(a) J[(4—-x2) -(1+2sinx)] dx ~ 1.764

A
(b) nof[(:i—xz)z -(1+2sin x)z]dx ~ 30.460

A
(c) of[(4-x2)—(l+25inx)]2dx ~ 3671

I:Correct limits in an
integral in (a), (b) and (¢

1:integrand
1:answer

{ 2:integrand + constant

1:answer

2. p.44

(a) j:‘ R(r)dr = 4 [R(4) + R(8) + R(12) + R(16) + R(20) + R(24)]

= 4(28 +33 +42 + 46 + 50 + 52)
=1004 gallons

Approximation is greater than the true value be cause the function is
increasing on the interval,

(b)
Average value = 513- : 27¢%% dt ~ 39.541

(c)
w(24) =w(0) + f 27¢%%% 4t
= 125 +948.990
= 1073.99 gallons

- { 2:integrand

1:answer

1:Right - hand sum
3:2J l:answer

1 :Explanation

[ 1:average value
constant

3:4 1:limits and

integrand

1 :answer

(1:initial condition

1:limits and
integrand

i 1 :answer
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Exam II
Section II
Part B — No Calculators
3. p-45
(a) Fx) - ——————dt Fa ?:le: .
() f = Fl)= f 1:answer
®) Py 2zl L =111 i
O 27% 217
LF(1)
(c) slope= F'(1) and F(1)=0
1 1:slope
y"“g"‘” 3:4 1:point
1:tangent equation
(d) F; '
mmazs?when F'(x) > 0. 1:F'(x)>0
-1 1
Fiia)= 22" 2. 2. =0 when 24x ~1= 3.
(x) s i w Jx 0 3:] l:answer
Jx = % 1: justification
- 1 1
F increases when x > —. X ==
4 4
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4. P- 46

(a) a(3.5) = v'(3.5) = 2

2-(=2) . .
g == 1 miles / min

(b) The car changes di
ges direction at ¢ =4 and t =7 because th ity chan
sign at each of these points in time. ) Smedl o

(c) The total distance traveled by the car is the sum of the areas of the
regions between the velocity graph and the x-axis.

Total distance = Jf [v)]dt = 4 +]-3|+1=8

(d) The average rate of change of v over the interval [3, 8] is

v(8 3
‘L'B)__—;'(—l %1-115 miles / min®.

No, the Mean Value Theorem does not apply to v on the interval [3, 8]
because v is not differentiable at ¢ = 6.

2:

2:

5. p.47

(2) Point = (0,5); slope = f’(0) = 3; tangent line : y - 5 = 3x

(b) fhas a relative maximum at x = 2. There is only one x-value where I
changes from positive to negative.

() f’ changes from increasing to decreasing or vice versa atx =0 and x =4.

Thus, the graph of f has points of inflection at x =0 and x = 4.

(d) Candidates for absolute maximum are where f' changes from positive to
negative (x = 2) and the endpoints (x=-6,6).

£2) = £(0) + J;’f'(x)dx ~543=8
f(6) = f(0) + j:f’(x)dx =5+(3-2n)=8-2x=~2

0
£(=6) = fO) - [ f(x)ax =5-(-2+3) =4
The absolute maximum of f{x) on the interval [-6, 6] is f{2) = 8.

2

2:

2;

I: justification

e
e
{ [ o] de
l

1:difference quotient
1:answer
1:anwer with

explanation

1: point / slope
1: tangent line equation

{1 justification
{l :answer

1: justification

: identifiesx =2 as
candidate

1: endpoints

1: value and explanatio
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6. p.48
(a) f(x) = ax + ;?, where a and b are positive.
fr(x)"a"'f! Lf(x)>0
fx) >0 = a’-b>0 3: { 1:Critical points
3> 2 .
= > a 1:answer

= x<--\[§or x:-\/-ég—

(b) There is a relative maximum at X = — \/_%-; y= a[.\/g-] + ﬁ
: a

-2yab.
There is a relative minimum at x = %l; y = Jg]+ﬁ
a

= 24/ab.

(0 f'(x) = g“l':r > 0 when x > 0.
X

(d) £"(x) never changes sign at a point on the curve. Although the curve is
concave down for x < 0 and the curve is concave up for x > 0, there is
not a point of inflection at x = 0 since there is no point on the curve

there.

|

1

1:Coordinates of max
1:Coordinates of min

Lf'(x)>0
%)

1:answer

1:answer

1:justification
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p-49

g'(x) = cos(sin x)

g"'(x) = ~sin(sin x) - cos x

g'(0) = cos(sin 0) = cos 0=1. Since g'(0) > 0, g isincreasingat x = 0.

g"'(0) =-sin(sin0)-cos 0 = 0. Then g is not concave down at x = 0, because g'is not

decreasing atx =0.
g isincreasing at x = 0, so g cannot have a relative maximum there.

The only true statement is ().

p.- 49
5 5

dx 1.
DJ- Jivdx 2 0‘[ V1 +3x

p- 50

An equation of the tangent line that passes through the point (4, 1) with slope f'(4) =5 is

y~1=5(x~4). Wheny=0, 0-1=5(x~-4)=-1=5x-20 = 5x=19 = x=38

p-50

2 2 1
Je“"dx=—e"x] =—5+1 =1-7
0 e

p. 50

g(x) = x+cosx

By definition, E-Hc; gxth=gbd _ oiiy

Hence the value of the limitis g'(x) = 1-sinx.

p-51

4 4
szzf_g dx = 1n|><2+9\]D ~In25-1n9 = In| £
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p- 51
NS ' li gx+h = gix
By definition, 8'(x) = "7 (e B =50
= lim ;4_)5111-;*_2!1_3 (Since g(x+h) - gx) = 4xh +2h%)
*11."0
h__0(43c+:2h) 4x
p- 51
4
L f(4) = £(0)+ j; fi(x)dx=3+0=3 True
11. Onthe interval (0, 5), the graph of f has both a False
positive and negative slope.
True

III.  f'changes from increasing to decreasing or vice versa
atx=0and x=5. Thus, the graph of f has points of
inflection points at x =0 and x = 5.

p-52
b
The average value of fon [a,b] is defined to be b—’;—a [ £(x) dx . Therefore

a
average value = 3-—_(—1—?—_"!3(1 +%--%- -% +1+2)dx = %(%) = % The answer is C.

p. 52

vit) = T4 s(©) = [vdt = 1 +[+C

s0) =5 = C=5
sO) = In|1+¢[+5 = ) =mn(@)+5

p- 52

To find the inverse of the function y = g(x) = ¥x—1, interchange x and
y and solve for y.

x=:5y-1 = x3=y—l = y=x3+1.

Thus £(x) = g 1() = x> +1L.

Then £'(x) = 3.

Solution I. Since f is the inverse of g, we have f(g(x)) = x.

Differentiating gives: £'(g(x))-g'(x) = 1
' 1

Then f'(g(x)) = 70
Since g(x) = (x-l)l/ 3 we know gx) = %(x_1)—2/3_
Hence f'(g(x)) = 3(x-1)2/ 3
Since g(x) = (x-l)lls, this is: f'((x~1)1/3) = 3(x-1)2/3.
If we now substitute u for (x-—l)u 3, thisis f'(u) = 3u2,

Solution I.
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12. A p.53
X
Define the function G by G(x) -J*Jl +1 dt.
Then by the Second Fundamental Theorem, G'(x) = V1 + x°
Note that F(x) = G(cos x), so we use the Chain Rule to determine F'(x).
F'(x) = G'(cos x) - [-sin x]
Then F'(3)=G'(cos3)- (-sin3) = G'(0)- (-1) = -1
13. C p.-53
Theslopeof y = 3x+2 is m = 3. Find the first quadrant point on the curve y = x> +k
at which the slope is 3. .
y=3 = 3%=3 = =1 = x = £1
Since e need a first quadrant point, x = 1, and the point on the line is P(1,5). Then
y = x3 + k must pass through (1,5), so k = 4.
14. D p.53
I. A solution containing (0,2) never gets below the y-value of 1 False
II. From both above and below, as y — 1, H‘E -0, True
ITI. Atagiven valueof y, Calxz is constant. True
15. B p.54
d 1 3
dx [Arctan(@)] = 7 T2 T Teod
16. E p.54
2 .
im X +2x-3 _ Jim (x+3)(x~ 1} lim __3_ &
)Ic{f; -1  x=1 (x+Dix-1 x~1 X+1 = 2 %
17 C p.54
g is an antiderivative of f. By the Fundamental Theorem,

b 3 3
éj‘ g dx = gb) - gla). Thus, [ dx = zf g = g3-g@
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18. p.55
Y=2EC°5X -
%tE “29mx("5inx)a?
- 5
Whenxng and -g% = 5, then 5-=2e°(—1)%. Hence -g% = -3.
19. p-55
dx 1 ]2 1.1_.3
S =22l =82 =
20.

The horizontal distance is the difference between the x-
coordinates at a particular y.

Thus D =X=% = J;—y.

+ To maximize this distance function, differentiate and set
‘ 1 equal to 0.

@‘=‘1——1=0 = 2\/; =1

Thus the critical numberis y = %

The distance, for y = 41, is D =2l —;11- = %
21. p- 56
[ 1 0 1

2] : JﬂMm=ﬁw&+JmMm

1y
| 0 1
| ) {f(x) dx= 5  (The area of the triangle)

/-1 1 2 3 *

1 1 1
f(x)dx= [(1+sinnax)dx = x - lcos:tx
J J n

h+£]-b-§]=1+§

The total of these two integrals is % + %
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b
——

C

p. 56
We use implicit differentiation to obtain g'(x) from

glx)=x RITGR

) S
W= i+ x T — f(x)
g'ix SJ(x)+ x 2§70

At x=3, 3)=4, £(3)= 8 and g(3) =3V4=6.
Thus, g'(3) = Va+3- _IJ'_" 8 = 2+ 6= 8,and the equation of the tangent at ( (3, 6) is
4

y-6 = 8(x-3).

p. 56

f(x) = x2/3(5-2x)
£'(x) = 2x71/3(5-22) -2/

x 113 [(5-2x) - 3x]
X113 [5-5x]

0.-1/3 (1 _y

This is positive when 0 < x < 1.

-2
=3
2

24.

p-57
Differentiate the expression In(x+ y) = x2 implicitly. (Watch out for the chain rulef)

xX+y -(1+y) = 2x

(A+y) = 2)(2+2xy
At x=1, In(l+y) = 1
Then y' = 2(1) +2(1)(e-1)-1 = 2e-1

= y' =2xz+2xy-1

= (1+y)=e sothat y=e-1
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5. D p.57

k+1-

y=2x+ 3%+ k

The constant k only affects the vertical
location of the graph of the cubic. We must
adjust k so that the relative maximum and
minimum points are on opposite sides of the
X-axis.

1 N
k

& - 6x2+6x=0

The critical numbers are 0 and -1.

y(0) = k and y(-1) = 1+ k.

Wemusthave k <0 and k+1 > 0. Thus -1 < k < 0.

26. C p.57

Since the inputs are not equally spaced, we must calculate the area of the individual

trapezoids.

Distance = 1(3)[10 + 14] + L @)[14 + 20 + L@n20+22) = 1541

27. C p.58

The particle is moving to the right if the first derivative is positive.

x(t) =3 cos’t - [-sint]

Then x'(t) > 0 if sint < 0. This first happens if mct<?é—“.

28. E p.58

Separating the variables gives

ydy = xdx  Integrating yields

x:
= '2— +C At ('2, '1),

1 4 3
E=2+CandC=—2 s

2
22-=%2—§ = P=x-3 = y=ivx2-3wherex>ﬁorx-:—«5.

2

Since (-2, -1) satisfies the solution, then y = ~Vx% -3 andx<-+3.

jﬁ;4Iﬁfﬂto‘ﬁ{ﬁ{J-{J_f_’_f_f_"_‘JJJJ.IIIJ’JJJ'JA111 ¥ 2 & F F X F I F



41

e R ]

Exam III
Section I
Part B — Calculators Permitted

p-59

Using your calculator find the intersection of the graphs of the derivatives:
Y= 2x+ -éj;,- and y, -:j?; the curves intersect at x = 0.435.

p- 59

The average rate of change of a function £ on the interval [1,3] is j%:L{(Q ;
For this function,
3 1
ft)dt ~ o) dt
1=t _ J "
- - 2

3
=3 Jf0dt ~ 0232

p. 60

The width of each of the three rectangles
is2. Since we are forming a sum using
midpoints, we evaluate the function at

x =0, 2 and 4.
x | o | 2 | 4
) | 1 | 26458 | 7.8102
: The midpoint approximation is:
1 L1 2 3 45 M, = 2[1+26458+7.8102] = 22.912

i e —
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D p.60
) f(x) ~ £(3)
The average rate of change of f on the interval [3,x] is defined tobe—_"—3"-
()-£(3) x°-x-6
In this problem, we have x=-3 = x-3 °
£ i ' lim f&)-£3)
Also by an alternate definition of the derivative, f'(3) = =8 x—-3 °
2
()= lim X =X=6 _jim X=3)x+2) _fim 5 _5
Henmf(a)nxl_l:‘la x -3 x—3 Xx-3 X_'a(‘x-l- )
E p- 60
Consider the function y = E‘%E
I. It has a removable discontinuity at x = 0. False
C e X
II. Ithaszerosat x = +nx, where n is an integer. True
C p.él
The graphof y = f(x+1) is the graph of f shifted one unit left. v
The graphof y = f(x)+1 is the graph of £ shifted 1 unit up. 11
The graphof y = f(-x)  is the graph of f reflected in the y-axis. III
Thegraphof y = f'(x)  is parabolic. \Y
The only solution that starts IV, II, III, V is answer (C).
C p.6l
Volumel;‘. of revolution about the x-axis are easily done by the disk (washer) method:
V= J [£0)]” dx. In this case, f(x) = x.
4
4 2.4
2 X
Vioa = “J(‘/;) SRS s wlr] -6
0
5 k
2 2.k 2
Viow = “J(J;) dx =n fxdx = "[52"] =;g_(
0
We d J_t_l_(i 1 ﬂkz
need 27 = 3@n). Thus - = 4n, 50 K%< 8, and k = 242 ~ 2808
D  pé&2

I. fis dea‘eas{ng for 2 < x < -1 since £'(x) < 0 there.

‘ : False
II. f‘(ﬂ) exists, so f is continuous at x = (. True
L. £'(x) has a minimum at x = -2, with £'(-2) = g, True
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9. C p62
First determine the intersection points of the two
5F functions.
-x2 +2x+4 =1
| 0 =x*-2x-3
0=(x~-3)(x+1)
2r x ==1, 3
The area is then
3
1 1 2 gl 4 {'(top function — bottom function) dx.
3 3
_[((-x2+2x+4)-1}dx = I(—x2+h+3de ~ 10.667
10 C p.62
') =g'(x) = f(x)—gx) = C
f1) =2 and g(1) =3 = f(x) —g(x) = -1
The graphs do not intersect, since the graph of f is always 1 unit below the graph of g.
11. € p-63
I. Ave.rate of change = fg;)__{f(ézl = ";"Jr{_zl) = ;53~ False
II. At the point (2,3), the tangent line is horizontal. True
3
1II. The 4-subinterval left-sum approximation to { f(x) dx
has common width 1 and function values -1, 0, 2, 3;
the approximationis 1-[-1+0+2+3] = 4. True
12 B p.63

The distance between the ships at time t is given by

D(t) = W?(¢) +S5*(t) This can be written D? = w?+ §° where it is understood that
all variables are functions of time t. Differentiating implicitly with respect to t we

obtain
' ] wW-w’ -8
2DD' = 2W-W'+258', then D’ =__ﬁis_s_ ;
When t = 1, we read from the graphsthat W = 5 and S = 4.
We can also approximate the slopes of the two curves at the points where t=1.
L 1
W'(1) = 777 =2 and §(1) = 12 = 4. (Note the different scale for t.)

M 4.06 knots.

Thus D’(1) =
V5% + 42
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13,

E p- 64 i

x;(t) = ~2 sin(2t)

X;(t) - % E“ -3)/2
Graph these two velocity functions.

There are four intersection points. O=x=2%

-2sys22

14.

c

p- 64

Theline x~2y+9 = 0 hasslope m = -21 - Since it is parallel to the line through (1,£1)

and (5,£(5), weknow that 2 55 = i b

Since f(1) = 2, we then have: -ﬂ%—'—% -

Thus f(5)-2 = 2, so f(5) = 4.
[Note: The differentiability of f, the point (3,6),
graph of f are all irrelevant.]

Pt I s

and the tangency of the line to the

15.

p- 65

Remember to use the Chain Rule.
g—x f(x?) = £(x%)-2x=2x- g(:?)

:1% f(x?) = 2 g(>®) + 2x - g'(x%) - 2x
2 g(xz) + 4x? £(3x%)

Il

[
\

16.

p. 65

Separate variables in the differential equation.
d
Y otxyfy = —F = axdx

\y

= 2.fy=2¢+C
Since the point (1,9) is on the graph, we obtain
24/9=2-1%+C
6=2+C
C=4

Thus 24y = 2% +4, or Afy= K +2.

Then when x =0, we have .J_=2,so y=4

-

S b Pl AAALLLLLELEETTCC S
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Since g is continuoous and differentiable, there is at least one zero between x =4 and x = 7.
However, there could be others elsewhere,

g decreases from x = -2tox =1, then increases to x = 4. Thus there is at least one relative
minimum between x = -2 and x = 4. However, there could be more.

8 increases from x = 1 to x = 4, then decreases to x = 7. Thus there is at least one relative
maximum between x = 1 and x = 7. However, there could be more.

Since the concavity changes from concave up at the relative minimum to concave down at
the relative maximum, there is at least one inflection point. However, there could be
more.

(A) False There might be just one inflection point.

(B) False There might just be one zero,

(C) False There could be other zeros.

(D) False There might be only one relative maximum.
(E) True
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Section II
Part A — Calculators Permitted

p. 67

(a)

(b)

(c)

p. 68

(a)

(b)

()

f(x)a:ln(x+1)—sin?‘x for 0 s x = 3.
y=0 =  In(x+1) - sin® =0

The function is pictured to the left. It
has three zeros on [0, 3].

f‘h——ﬂ' F] q

With the capabilities of the graphing
calculator, the zeros are found to be at
x=0
x =0.964
x=1.684
Consider the graph of the derivative of f: f'(x) = x1_+f — 2sinX oS X.
This derivative function is nonnegative valued on the intervals
(0.0.398) and (1.351, 3). Hence f is increasing there.
The absolute maximum and absolute minimum values occur at either a
critical point or an endpoint. The first derivative £'(x) = ;(—1—1— — 2sin
x cos x has zeros at x =0.398 and x =1.351. At these critical points we
have £(0.398) = 0.184 and £(1.351) = —0.098. At the end points we have
f(0) = 0 and £(3) = 1.366. Therefore, on the interval [0, 3], the function’s

absolute minimum value is -0.098 and its absolute maximum value is
1.366.

%-2-[(22+2-(14)+2-(3)+2-(5)+2-(2)+1]=81feet

average =-1—1@; (0.18¢ —4t+22) dt =8
0

dv
dt

d
f—h—g}-jk dt

= kv

Inv=kt+C

V= ec'em

w0) =22 = 22=¢%" = £
To evaluate the constant &, use f(2) =14.

w9k 1
14=22¢ =k.21312%

V(I) - 228(% lﬂ&)‘f P 228—0.226"

3: three x - intercepts

2: answer

1: f'(x)=0
3:{

[ 1:identifiescritical
numbers and endpts
3:! ascandidates
1: answer

I: justification

1: trapezoid sum
2:
1: answer

2:integral

1: limitsand 1/ (10 - 0)

1 : integrand

1: answer

[ 1:separates variables

1:antiderivatives
4: <
1: uses initial conditions

1: solves for v
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Exam 111
Section II
Part B — No Calculators

3. p.69

(a) Area-ji(x-i-l)”zdx- %(-’C"'l)m]:
2 16
- 281 = 1

®) Volume -:rjj(-dx+l +I)2—I2 dx
-:.-:fl(xq-lq-z-\fx-rl )dx

2 3/2
=X sx+ZE(x+1) I
{5eeed .

- #l(3+s+40*’2)-(4-1]]

=35

(c) Volumcs%"i(x+l)dx

1: answer

1: limits and constant
1: integrand
1:antiderivative

1: answer

1:limits

_{2: integrand
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4, p-70 5
(a) f(\)-x“+px2+qx = [()=3x"+2px+q == f"(x)=6x+2p
Lf(x)
fi(-1) = -8 { B=-14+ p-q 3:4 1: £(=1) and f'(~1)
£'(-1) = 12 12= 3-2p+q 1:answer
When we add these two equations, we obtain 4 = 2~p.
Thus p = -2. Substituting this value into one of the equations, we find
that q = 5.
(b) If the graph of f is to have a change in concavity at x =2, then
£"(2) =0and f"(x) changesitssignat x=2.
") =12 +2 0 <5 BfG)
£7(2) =12+2p = = pP= 3:41: £"(2)
Then £"(x) = 6x—12 = 6(x—2). This does have a sign change at x = 2. 1:answer
(c) For f tobe increasing everywhere, we must have f'(x) > 0 forall x.
Then 3x2+.'2px+q > 0 forall x.
f'(x) isa quadratic function, opening upward. 3 1: f'(x)>0
f'(x) will be positive valued <> f hasno zeros "1 2:answer
< the discriminant of f is less than 0
« 4p’-12g<0
e p“<3q
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5. p-71
fa) < B -2 2d d
Differentiating, we obtain 3y’ g —3y-3xg. = 0.
D (3y?-3x) = 3y

R it e

=3y—3x y — X

=]

(b) Atthepoint (12), 9Y hasthevalue z27 =3 -
Therefore the tangent line has the equation y - 2 = 32*(:: - 1).

y(13) =2+ %(13 —1) =22

2 d d
o &y YRS -yerE-y
dx (yz_x)z
2 2 16
4> _ (4—1)'3—8'5+2 _ 4—‘*3—'=_i
dx® | 1.2 9 9 27
(d)

2
Since :_x}f, < 0 at the point (1, 2), the graph is concave down and the

tangent line lies above the curve. Hence, the point (1.3, 2.2) is an
overestimate.

|

1

r

1:implicit diff
dy

1:solves for =

1: tangent equation

1: Useequationto
approximate y
atx=13

I:answer
1: justification
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Free-Response

The y-intercept (point Y)is (O, p2 +4).

2
The x-intercept (point X)is ( E—z-g-é ,0).

2
The area of the triangle is A(p) = %(FZ 4 4)[.02; 4]

Then A(2) = 3 (8)2) = 8

2 2
®) Alp) = —(P-;;—‘”—.

4p - 2(p> +4) -2p—(p2+4}2-4 N 4p4+i6p2—p4-—8p2— 16
16p° - 4p*
_ '+ 8;%2— 16
4p
)
41:;
The critical numbers of the function A areat p = % 7_3—

Then A'(p) =

- 2
The only critical number in the interval (0,2) is p = ?_;

_2_-&{1- 2.1 _y 15)
p - T

R 2
A'(1) < 0and A'(2) >0, therefore by the First Derivative test, A( —\E)

is a local minimum, and since there are no other critical points in the

interval (0,2), A( -J%] is the absolute minimum.

((1: x - intercept
1: y — intercept
4:] 1:expression for
area of triangle

1: answer

(2:A'(p)
2:candidates for

minimum

1:answer
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Exam IV
Section I
Part A — No Calculators

p-73

tim S0 o) o e
p-73

Since clx"/_ 2-J_ the integrand has the form fe du.
Thusf;& 'J_z—'J;dx=e *

P-74

p. 74

By the Second Fundamental Theorem, dx[ Jf(t) dt ] = f(x).

x

Then F(x) =rr(cos 6t + 1) dt = F'(x) = cos6x +1.

p-74
Differentiating x + xy +2y2 = 6 implicitly gives 1 + y + x%}f + 4y

d
Evaluating at (2,1) gives: 6% = -2
dy 1
dx = " 3¢
p-75
This limit is the definition of the derivative of f(x) = 3> at x = %

Since f'(x) = 15x4, f'(%) = 15-(21) = 112
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7. E p.-75

The slope of the given line 5x-y+6 =0 is m= 5.
Since the tangent to the graph of p(x) at x = 4 is parallel to that given line, we know

that p'(4) = 5. _
p(x) = (x=1)(x+k) = pX)=x-1)+(x+k)

= p@=4-1)+@+Kk)=7+k
Since p'(4) mustequal 5, wehave 7+k = 5.

Hence k = -2

8. A p75

cosx=¢ = = y = In(cos x)
dy _ —sinx
= A T cosx - —tanx
D p.76
a(t) = 12¢%

v(t) = fa®)dt = 42+C

v(0) = 6 = C=#6 = v(t) = #+6
st) = fv()dt = t* + 6t + D

s(2) —s(0) = [16+12+D] - [0+0+D] = 28

10. B p.7

A=x2
dA dx
& = Xar
A

Since we are given that %-t* = 3%’:‘, we can substitute.

dx dx
3'a¥=2xd—t = X =

M

1. E p.76

e
1 1 1 1
M=s:i'1f;dx = ¢-1'lne = g3
12. B P77
lim _ 3% +1 _ lim 3% +1
X0 3-)()(3"‘)() —x—rm O _x

1

lim 3+;f

. — - _3

9
o
X0 = 1
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13. D p-77

2 2 2
J'(x7+k)dx - [x7dx+ J K ax

Note that y = x’ isan odd function, so J.x7dx = 0.

2
Thus [ (x7 +k)dx = 0 + 4k. Since we are given that the value of the definite

integral is 16, we conclude that k = 4.

14. D p-77

1

for x = 7.

f(x) = tanx _
x) = sinx =~ cosx
For f to be continuous at x = x, the value f(x) must be defined in such a way so that

fm) = HM ),
X=*Ix

lim .
X—1 fix) = x—+ COSX ~— COST

1 1

15 C p.78

- xz -2x
f(x) = T+sinx T ¢

(1+sinx)2x — x2+(cosx)

2¢** and f'(0)

fi(x)=

(I+sinx)?

— 2. The function f is decreasing at x

0.

16.

E p.78
y = 3x° — 10x*
y' = 15x% - 40%°
y" = 60x% - 120x%

= 60x° (x—2)
The second derivative changes signat x = 2, butnotat x = 0. Hence the only inflection

pointisat x = 2.
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17 D p.78
Since h(x) = f(g(x)), we have h'(x) = £'(g(x)) - g'(x) by the Chain Rule.
The graph of h has a horizontal tangent line if h'(x) = 0.
Hence weneed £'(g(x)) - g'(x) = 0.
This occurs if £'(g(x)) = 0 orif g'(x) = 0.
Since f'(-2) and f'(1) both have the value 0, the first condition is satisfied if g(x) is
either -2 or 1.
gx)=-2 if x=—4 or x=-2.
gx)=1 if x=0 or x=34.
There are 4 horizontal tangents from this condition.
The second condition is satisfied at each horizontal tangent point for the function g
Theseareat x = -3, x = 0, and x = 2.
The total list of x-values at which there are horizontal tangents is:
x =-4,-3, -2, 0, 2, 3.4. Thereare 6 places where this happens.
18. D p.79
Cross sections taken perpendicular to the y-axis on the interval [0, -;E] are circular. The
radius of each circular cross section is an x-coordinate.
Since y = arcsinx, wehave x = siny.
n/2
Thus the volume is computed by V = :cf(sin y)2 dy .
19. A p.79
y =xe 1
' XX _pxe ™ = e ¥ (1-kx) =  Criticalnumberat x = .
1 1
y(g) =x e e

R o B
The point on the curve is (E, E) .
1 T
To verify that there really is a maximum valueat x = i, use the Second Derivative
Test. e
' = X () - ke R (1 - kx) = ke (2 - kx) 1 |
Then y"(i) = —ke1(1). Since k is given to be positive, y"(5) < 0. Hence thereis

=

amaximum valueat x =
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20.

D

p. 79
upon the variable y. We can

The slopes of the segments in the slope field depend only ;

tell this because for a given y, the slopes of the segments do not chagge as x varies.

Therefore we can eliminate the three suggested answers that have *d“:- depend upon X.
d

For y =0, the slopes are positive. The correct answer cannot be Eii =y- 2)'2 , for that

would have a slope of 0 when y=0.

21.

p- 80
y' >0 =y isanincreasing function.
y'<0 =y isconcavedown.

The only increasing and concave down curve is (B).

22,

p. 80
Since the inputs are not equa
individual trapezoids.

lly spaced, we must calculate the area of the

LB+ + LO)k+91+F @00 +111 =57

(6 +2k) + (3 k+ 51)+(20) = 57
12+ 4k+3k+27+40=114

Tk =35

k=5

23.

p- 80

2
B = ";;10= (2 + 1)e

f(x) = 2xeX~ (x2+ I)eX

2x - x*-1 x=1)2
= -(e_") . Thus, f(x)<0 forallx=1.
Hence, f is decreasing everywhere, except when x = 1.

f'(x) = 2-2x)e X + (2x —x2-1)(-eX) = 2—21:—2: +x2+1 _ x2—4:( +3
e
_(x=3)x-1)
= =
f is concave down when £”(x) < 0; that is , when 1 < x< 3.
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24. p. 81
since the rate of growth is 1500 /% e start with %“ti = 1500 /4,
Then dx = 150>/ dt.
A4, ¢

x = 2000e
Knowing that x = 2000 when t = 0 allows u

2000=200090+C = C=0
3tf4_

s to evaluate C:

Hence x = 2000e
When t = 4 wehave x = 200093.

Multiple-Choice

25. p- 81
3n 3m
J}; dx=1Injx|] = mn@m) - Inm = =n3
m
This result is independent of m.
m 3m
26. p. 82
£ T W -
x(t) = Int + 35 +1 — vit) = X'(t) = ¢ +3
= al) = X0 = -Z+3.
The acceleration is zero when t = 3.
Then v(3) =31-+§ = 32-
27\ p. 82
_r 6 sin x cos?x dx = —ﬁf(cos x)2 (~sin x) dx
3
- 6LX4C = 2008k +C
28. p. 82
By the Second Fundamental Theorem, G'(x) = sin(ln 2x).
Then G"(x) = cos(ln2x)--2-1;-2 = —coiﬂf—-l

Henm G"(%) . CO? 21 = 2c0s0 = 2.
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Part B — Calculators Permitted

p- 83

I. £"(x) changessignat x = —1.
II. £"(x) < 0 on the interval (~1,3).

True
True

d(f'(x)) < 0 in the vicinity of x = 1, the function f'is decreasing

III. Since &

=1.
o False
p- 83
Inx*—xInx _ 2Inx-xInx
x-2 - x—2
_ 2-x)Inx
- x=-2
= —Inx for x=2 _
Since f is given to be continuous at x = 2, )?f? f(x) = £(2).
But ilig f(x) = —In2. Hence f(2) = —In2.
p-84
Condition Interpretation Points
fx) >0 = the point (x,f(x)) is above the x-axis. M,P,Q R
f'lx) < 0 = f is decreasing. M, R
f'(x) < 0 — the graph of f is concave down. QR
All three conditions occur only at point R.
p.- 84
With the substitution u= vI1+x, wehave x=u?*~1 and dx=2udu.
Thenfé{]x'\/1+x dx =f60(u2~1) -t 2udu
= [(120u* - 1200%) du = 24u°-40u%+C
p- 84
1 2x
) & —m—=
24/x% +.0001
I. Since £'(0) exists, f is continuous at x = 0. False
II. £'(0) = 0. Thus there is a horizontal tangent at x = 0. True
False

ITI. f'(x) is defined as above with £(0) = 0.
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Multiple-Choice

6. C pB8

flx) = ;‘z- -x2 g¢(x) = arctanx

2
r(x) "x3
1

1+x
Solving x> + 2x% + 2 = 0 gives x = -2.359.

g'(x) =

1+2x*

When 2-%,&&:3-—2—21-2.
x

7. B p.8
The curves intersect at
B A, where x = 2
and B, where x = 5.4337.
2 Then the area is:
5.4337
A= zf (g0 - 0)) dx = 7.36.
J
B p- 85
The average rate of change of a function f over an interval [a,b] is defined to be
f(b) — f(a)
b-a -
X
With the function f(x) = Gf V1+cos(z*)dt and the interval [1,3],
3 1
we have, first of all, £(3) - f(1) = J 4/1 +cos(f®) dt - J Jl-i-cos(rz) dt
= f Y1+ cos(r®) dt.
3
T
Hence the average rate of change of the function is ixf 1+ cos(t*) dt ~ 0.86.
D p.8
. O =1 = f is increasing at x = 1. False
11. f'(x) > 0 for x < 2 and f'(x) < O for x > 2.
Hence f is increasing to the left of x = 2 and decreasing
to the right of x = 2. There is a relative maximum there. True

ITI. f'(x) isincreasing on an open interval containing x = -1.

Hence, the graph is concaveup at x = ~1. True
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10, D

p- 86
X 2

20 20
f{x}=3+Jm5dt f(2)=3+J—1-:§dt=3+0

20

20 _
1+xz f‘(2)1=5 4

f'(x) =

The equation of the tangent line is: y -3 = 4(x-2).

=3

11. C p- 86
Parts of the rectangles are above the curves for Band C.
The trapezoids are all on or under the curves for A, C, and E.
Hence, the answeris C.
122 B  p.87
V= % = %:!' o gt-i
At t = 6 seconds, % can be estimated from the graph. The slope of the tangent to the
curve at t=6 is approximately —%ﬁ = i.n3/sec.
dv
Henceweuse "3 = m
In addition, when t = 6, V = 4. This allows us to find the radius r when t = 6. From
the original volume formula,
%Jrr3=4:|: = o B = r =33
Now from the formula for the rate of chax;ge of the volume, we have:
dav dr d dr 1
B =4.n:r2E = n = 4::(31{3) 3:: Hence 5 = o ke 0.12
13. B p.8&7
y = X00sX

y' =cosx—xsinx

A, ./

Wewant cosx-xsinx = %
Shown to the right are graphs of \/

Y1 = cosx—xsinx
and Yz = %

The viewing window is:
2t =x=2n; 62 <y =62
Y1 and Y2 intersect four times on the interval [-21x, 2x].

e MMMV AVMVMVVUVVVVUVVUVUVUUVVUVUUVUUVVUVUUUVUULULULLOULLOLLULLLULLEOLLLEL
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14.

. 88
P 6

f(o) - £(2) = [f'(l) dt
’ a2
Then f(6) = f(2) + {f‘(x) dx (area of quarter circle =", )

= 3+le't(4)2 = 3 +4n

15.

p. 88 y
Since the cross sections perpendicular
to the x-axis are isosceles right
triangles, we want to create an

b

integral of the form [ f(x) dx for this |
5
a

Y =

volume.
A leg of the triangle is a typical y-coordinate and the cross sectional area is

1 1 4 24
iyyaiyzwhereyew/;. Hence,ﬂ1evolumeisV=f1xdx-x = 4.
02 4

16.

p.- 89

Since the graph of f is made up of straight line segments and a semicircle, we can
evaluate F at each of the integer coordinates from x = 0 through x =8. Note that
sections of the graph below the t-axis decrease the value of F.

X 0 1 2 3 4 5 6 7 8
F(x) 0 .25 1 1.5 715 | -.071 | 429 | 929 | .429

The value of F(x) changes from positive to negative at an x-coordinate between 4 and 5.
The value of F(x) changes from negative to positive at an x-coordinate between 5 and 6.
Since f(t) = 0 for 0 st < 3 andfor 5 < t < 7, F is increasing on those intervals.

Since f(t) s O for 3 st<5andfor7<ts§ Fis decreasing on those intervals.
Hence the only zeros for the function F occur in the intervals [4,5] and [5,6].

17.

p- 89
Separate variables to solve the differential equation.
a N~ 2dt

= InN=2+C
= N=ettC_e.Copet (where D=ec)

Since N = 3 when t = 0, wehave 3 = DeY, which implies D = 3.

Thus we can write: N = 32 Now let N = 1210.
Then we have 1210 = ?;e2t = I—%LQ = e"’tt

SO L

- t = 1111212?_[113 -3




e NV EVESENESECR R SR CE PR VR VA A YA YA YA " TE VN R YN A T VN VR T TN VR VR Ta P O i N O O I O T R

61

Exam IV
Section I
Part A — Calculators Permitted

.3

p-°1

(a)

Speed is greatest at £ = 8 since that is when the magnitude of the velocity
is the greatest.

(b) Particle changes direction at f =4 and t = 11 because the velocity changes
sign at each of these points in time.
() The total distance traveled by the particle is the sum of the areas of the
regions between the velocity graph and the x-axis.
2
J: v(Dldt = 27+ I"%' - % = 27411
(d) Using the Fundamental Theorem of Calculus :
x(8) = x(0) +J::v(r)dr =2+(27-6) = 27x-4
p- 92
(@) f19 r1ydr = 482.954
(b) Attime t =6, crude oil is being pumped into the tank at a rate of f(6) = 37.2
barrels per hour and removed at a constant rate of 50 barrels per hour. Thus,with
37.2 < 50, the level of oil in the tank is falling at 1 = 6,
At time t = 10, the tank contains 300 + [ ( (1)~ 50)dr=282.954 barrels of
() crude oil.
(d) The absolute minimum occurs at a critical point or at an endpoint. If

F(r)=300 + j(‘;( f(x)- 50) dx represents the volume of crude 0il in the tank at

time 1, then F'(t)=f(t)— 50 and f(t)— 50=0 at inputs # = 4.574 and
1 =9268.

At critical points: F(4.574)= 336.052
F(9.278)= 279.374,

At endpoints: FO)=0

F(10)=282.954

The minimum number of barrels of crude oil is 279.374 barrels at r = 9.278 hrs

1z

3:

answer

1:answer
1: justification

2:equation
1:answer
1: handles initial

condition

I: Jj w(t)dt

1:answer

{l:iulegra.l

1:answer

1: f(6)
1: compares f(6) to 50

1: conclusion

1:answer

3:

1: considers F'(t)=0
1: answer

1: justification
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Free-Response

Exam IV
Section 11

Part B — No Calculators

3 p.9
(a) 1 eft-hand Riemann Sum = (1)(1 +—21- + §1 + 741') i

ol

b 4
(b) Auj;;i—l-dx -ln[x+1]]:-ln5—lnl-=ln5

(c) 1 1
0 m.dx -ﬁ x+l dx

ln‘.l: + Im = Infx + l]]:

In(k+1) = In(5) —In(k+1) [k+1>0 = Tnfk + 1|=In(k + D]

2In(k +1) = In(5)

in(k +1) = In(v/5)
k=~/5-1

(d)  Length of a side=—11

Area of an equilateral triangle =—‘£—§-(side)2

2
Area of a cross section = -*33—(}-,];_7)

B[ ()
Volume —-=—~3-j; s | dx

3

3

1:answer

3:

1:integrand

1:answer

1:equation
1:antiderivatives

1:answer

1:limits
1:integrand

1:answer
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4. p.9%4

(a) The absolute maximum and absolute minimum values occur at either a

(b)

(c)

critical point or at an endpoint. The first derivative f'(x) = 1+2sinx
has zeros at x = 7x/6 and x = 117/6. At these critical points we have

{7n/6) = 7n/6 + /3 =5 and (11%/6) = 11n/6— 43 ~4. At the endpoints
we have £(0) = -2 and f(2n) = 2n — 2 =~ 4. Therefore, on the interval

[0, 2], the function’s absolute maximum value,, 7n/6 + -\E , occurs at
x =7n/6 and its absolute minimumn value , -2, ocours at X = 0.

£(x) = 0 on [0, 2x] when cosx=0 and x= 25 or%“—.

£"(x) <0 when g <x<%§. Hence, £ is concave down on -;E <x<%“—.

2

1 a% 1 /x 2
— — —— -4 n
J‘(x-2cosx)dx = (2 251nx)0

)’B.ve = 27-0

- = ((‘5’2"—2-0)~(o-0)) _—

|

3:identifies critical.
numbers and endpts
as candidates

1: answer

1:answer

1: justification

1:limits and average

value constant

"]1:antiderivative

1:answer
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Free-Response

Then draw short line segments through each of
the points with the appropriate slope.

(b) 2*__‘\ ——
N
Olil 1 z
1 L7 e \\
|
m
(c = 1—(x-1)y’
) y'(x) =2 & )y
y
y-l—(x-l)-(ﬁy?l)
yz __(x_l)z
y o
4-(-1* 3

At(0,-2), ¥"(0) = —55 = "B

@ [y = [u-nds

2 2
%—-%——x +C

y0)==2 = C=2

yz -x*-2x +4

9| = +/x* - 2x +4. Sincethe nitial condition has y < 0,

choose y -—\Ixz—z.r, +4,

64
5. p- 95 r
(a) We calculate slopes at each of the twelve 2o —— &7
points. I\T\ Y /
At (0,1), m = ~1 At (0,~1), m = 1. | 2:{1:zero slope
agdm- 2 ROB TS T :ongero e
plSomcd Eaimed W
At 22), m = 1/2. At 2-1), m = -1/2, g v S

1 : solution curve must

go through (0 ~2), and
follow the given slope
lines and extend to the

border

.

1:answer

{1=y"(x)

(1:separates variables
1:antiderivatives
4:] 1:uses initial

conditions

I:solves fory
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p- 96

(a)

(b)

(c)

(d)

x
G(x) -Jf“) dt

4
Then G(-4) =Jf(t) dt. Provided the function f is definedat t = —4

(and it is), then this integral has a value of 0.

By the Second Fundamental Theorem, G'(x) = f(x).

Thus G'(-1) = f(-1) = 2.

The given graph is the derivative of G. The graph of G will be concave
down if its derivative is decreasing; that is, if its second derivative is
negative-valued. This occurs on the open intervals (—4,-3) and (-1,2).

The maximum value of G occurs at either a critical point or an endpoint
of the interval. G has critical points at x =1 and x = 3, where
G'(x) = f(x) =0. By summing areas of regions we estimate that at the
critical points

1

G(1) = fHx)dx =7 and G@) = 7-
-4

AN
w|g

At the endpoints,
o : 4 2
G4) = ff)dx = 0andG(4) = ffgdx =7 - 3 +1 ="
_4 _4

Therefore, G has its maximum value of 7 at x = 1.

1 : answer

1:answer

{l:{}"(x)-f(x)

2:intervals
1: justification

1:answer
12: justification
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Exam V
Section I
Part A — No Calculators

| 8 B p-97

g = cos? (2x)
X = 2c08(2x)(-sin(2x)) - 2 = ~4sin(2x)cos(2x)
2. C p97
1. The units on the axes are equal. At (2,2), theslope =~ 1. True
II. As y-c-oordmates are approaching 8 (from above and below), the
slope lines are flattening out. ' True
False

I1I. For a given value of x, the slopes vary at different heights.

4. C p.98

f(x) = |x2 - 1! is not differentiable at x
The graph has sharp corners there.

=21

-1 and 1 becauseitis undefined there.

f(x) = \er —1 isnot continuous for x between
2x it
Hence the function is

f0 = [+ Lis differentiable for all real x; £00= ~75==

continuous for all real x.

f(x) = -—21—- is not continuous at x = +1 since the function is undefined there.
x -1
The third function (C) is both continuous and differentiable.
5, D p.98
: 3-1 _1
The slope of the line though (9,3) and (1) ism=g5-7 = 4"
) 1
Since y =+ x, wehave y' = —=
y Y 5 ‘J;
= ;1- = x=4.

Since the tangent line is to have slope m, We have -
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6.

A

p-99

4 5
X X
fx) = 2 - 1p
£'(x) = 2x° - %x“.
To maximize f'(x), take f£"(x) = 6x% = 2x3 = 2x3(3-x).
£'(x) is an upside-down quartic, so has a maximum. Critical numbers for f'(x) are the
zeros of £"(x); they are x = 0 and x = 3. f'(x) is increasing on either side of x = 0, s0

that is NOT the maximum. £'(x) >0 when x < 3 and f"(x) < 0 when x > 3. Therefore, f
attains its maximum at x = 3.

7. E p- 99
a(t) = 4 - 6t
v(t) = fa(t)ydt = 4t - W+ C
v(0) =20 = C =20 = w(t) =4t — 3t + 20
s() = vy dt = 28— 3+ 20t + D
s(3)-s(1) = (18-27+60+D) - 2-1+20+D) = (51+D) - (21+D) = 30
8. D p- 99
lim ¥x+3-2  pm [Vx+3 -2][Vx+3 + 2]
¥ 17X x=1  (1-x)[+/x+3 +2]
_ lim (x+3)-4
1 1-x)[vx+3 +2]
_ lim x—1
x=1 (1-x)[+/x+3 +2
Sim =1 _ 1 25
1 \x+3 +2
9. A p-100
To achieve continuity at x = 1 (the only place in question), we need
iif{ f(x) = £(1).
2
li _ lim XI=2x+1 _ m ¢ _1) = hile f(1) = k.
But '™ f(x) = T TS g (x=1) =0 while 1)
Therefore k = 0.
10. A  p.100

b
The average value of f(x) on [a,b] is defined to be ?_ < [f(x) dx . Therefore
a

v 2[(%e+%)—(%+0)] =e

1/2
M=i1t—. [(e®+1)dx = 2[%eh+x
:
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11. p.- 100
t
v(t) = %‘
' I:e'-et e (t-1
vi(t) = = - , so the only critical numberis t = 1.
If0 <t < 1, then v'(t) < 0, so v is decreasing.
If t > 1, then v'(t) > 0, so v is increasing.
Thus v achieves its minimum valueat t = 1.
12. p- 101
gy = 2f-25 dx = 2In(1+x)+C
1+x 1+x
(Note that 1 + X2 is always positive—valued.)
13. p. 101
f(x)=x4+ax2+b f(0) =1 = 1=b
£1(x) = 4x° + 2ax £'0) = 0 - 0=0
£'(x) = 12x% +2a £'1) = 0 . 0=12+2
Thus a = -6; b =1
14, p. 101

2
e ettt
(1112+;'21') —(In1+1) = In2 - %

X
1

15.

dt
d
We are given that ?l%

p. 102

Let x denote the edge of the cube. Then 5

v=x SA = 6x

dv _ 3)427;1:'IE When SA = 150, then x = 5.
_ 02, Hence & =3-57(02) = 15
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16. B  p.1o2

V3 7
L—ﬂ“-ﬁlzxcu-w+ff-z4-l

Vi+x2 2+/1+x2

This can also be done with a formal substitution.
Let u = x2 +1, sothat du = 2xdx, and xdx x%du.

To change the limits of integration, we note that x = 0 =  u=1
and x =V3 = u=4.

4

B i Lau 4 4
Th = 2 = 1 f,1/2 - ,1/2 _
.k o e ulfz—grru du = u ]1=2—1-1

17. D p.102

SolutionI. ~ Work analytically.
If f(x) = In I x* -4 | on the interval (~2,2),

' 2x 2x
then f(x)= x2_4 = (X‘-Z}(X'I’Z).
(A) £'(x) < 0 when 0 < x < 2; f is decreasing then. False.
(B) £(0) = In4 = 0, so (0,0) is not on the graph. False.
©) [x2- 4' has a maximum value of 4 on the given

domain, so f(x) has a maximum value of In(4). False.
(E) Since f(0) = In4, f does not have an asymptote

at x = (. False.
Thus (D) must be True.

Solution II. Work graphically.
The graphof y = | x2-4]| 7
restricted to the open interval
(-2,2), is the tip of an upside-down
parabola, as shown to the right.

f(x) = In(y) = In | x*~4]| then has

the darker graph shown. The
selection of the correct answer is
made easier with these graphs.

y=Inlx?-al

L
1
I
L
1
1
1
1
L}
L]
]
1
i
1
I
I
1
I
1
1

18. E p.103
g(x) = Arcsin(2x)

' 1
gx) =
\/1 -(2x)* -

2

V1-4x?

2 =
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19. p. 103
4 4
fx(xz—l) dx = %f(xz-l) (2x dx)
2 4y 5
-1
’il_._(_x___s__)_ +C==]_ld(x2—1) + C
20. p. 103
d> 3 kx
y = £ e = k e
4
g"x"" = kekx ﬁ = k4Ekx
2 5
ay _ 2k dy _ 15k
dx dx
21, p- 104
1. f(2)=1; f'(1) = 1. False
1
11. Off(x)dx --%; £'(35) = -1 True
1 2
L[ dx =-1; FECES -1 False
22, p. 104
gx) = Vx (x-1)/2
g = ;1—(3(-1)2’3 + 3=
p :
x must be positive (so that 1 exists).
24x
x must not equal 1 (so that (x—l)"lls exists).
The domain s { x' x>0emdx¢1}=[x| 0<x<lorx>1}.
23. p- 104
x(t) = 10t - 4t>
x'(t) = 10-8t

x'() >0if t < 4§ The point is moving to the right.
x'(t) < 0if t> ;l‘z- The point is moving to the left.
The total distance traveled is [x(g )=~ x(l)] + [x( 4§ )~ x(Z)] .

. 5 25
Since x(z) =%, x(1) = 6, and x(2) = 4, the total distance traveled is

Ml
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24. D p- 105
gEx) =0 = a horizontal tangent at x.

g'(x) =0 = no concavity (with possibly a change in concavity).

Only at points B, D, and E is there a horizontal tangent to the graph of g, so g'(0) = 0 at
those points.

At B, the graph is concave up, so g"(x) > 0 there.
At D, the concavity changes, so g"(x) = 0 there.

At E, the graph is concave down, so g'(x) < 0 there.
Hence, point D is the answer.

25. B p- 105

Xy — 2y + 4y* = 6 When y = 1,

xE ry-2¥ iy ¥ o x—2+4 =6

dy - -

dx = x—;g)‘,v—_'-z— = x=4

. d -1 1

Hence at the point (4,1), % =438-2 = 10
26. D p.105 :

G'(x) = flx) = G'(3) =-2.

G(3) is evaluated by counting up areas. Theregionon [2,3]

whose negative-valued integral cancels out the regionon *

[1,2] with the positive-valued integral. Hence G(3) = 2.

Then a linear approximation for G near x =2 is given by

y—-2=-2(x-3). Hence y=-2x+8.
27. A p.106

Separate variables to solve this differential equation.

g-;% + 22y =0 = % = —2xy

s
= Inlyl =-x*+C

Since the curve contains the point (0,e), wehave Ine = C, so C = 1.

Thus Iny = —x%+1, or y = el
28. A p.106

1 a
I. F(1) = r[In(Zt-l) dt = 0 since [f(t)dt = 0 if f(a) exists. True
a
II. F'(x) = In(2x—1) by the Second Fundamental Theorem.
Then F'(1) = In(1) = 0. True
Ol F'(x) = 5=, s0 F"(1) = 2. False
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Section I
Part B — Calculators Permitted

C p.107
flx) = e"(xz + 1).
Fixyme® 20 +(x2 ¥ m et (P 425+ D)
S = e 2x42) + (27 4 2x 4 Dt m F (P +4x+3)= 7 (2 +4x+3)
=ef(x+D(x+3)  {3-1
The graph of f has points of inflection at x =-3 and x = -1. (f" changes from positive to

negative at x = -3, meaning that the graph changes from concave up to concave down;
at x = -1, the concavity switches back again.) Thus, there are 2 points of inflection.

The answer is C.

Cc p107
10 10
Volume = J 5002 dt = “E-OZ—O [e"Zt] ~ 2161.7
’ 0
B _p.108

Given the sales function S(t), the rate of change of sales is given by
S'(t) = —.46 (45) sin(45t + 3.15) . The derivative of S'is
S"(t) = —.46 (45)(45) cos(45t + 3.15).

Using a calculator, you find that the function 5" has one zero on the interval [0, 10] at
t = 3.4719. Since S"(t) >0 for 0 < t< 3.4719 and S"(t) < 0 for 3.4719 <t< 10, the function

S' has a maximum value at t = 3.4719.
This corresponds to a point in 1983.

p- 108
The midpoint approximation is given by
M, = 2[£(2)+(4) +£(6) + £8) ]

= 2[2+4+3+3] =24

p. 108

The interval for one arch of the graph of

y = sinx is [0x].

Since the regular cross sections are squares with
edge y = sinx, the volume of the solid is /

O\

n
V= Uf (sin :s:)2 dx = 1.57. X

-
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6. C  p109
glf)) = x =  g'(f(x) f(x) =1
' 1
=  g'(fx) = )

To find g'(2), first determine the number ¢ such that f(c) = 2. Then we compute }%5

To find the number ¢ such that f(c) = 2, use your calculator to determine the zero of the
function F(x) = 2x +sinx-2. Itis ¢ = 0.684.

Then g'(£(.684)) = g'(2) = (.234) = e = 036,

p- 109

E(B) = 14000 + (B+1)* and B(t) = 20sin7; + 50.
dE _ dE dB
dt = dB "dt

= 2(B+1)-2cos75 = 4(B+1)cos 1y
When td; 100, then B = 20sin 10+ 50 ~ 39.12,
Hence 3r ~ -134.65. Thus E is decreasing at $135 per day.

p. 110

I. f isincreasing to the left of -1 and decreasing to the right. True
II. £'(0) < 0, so f is decreasing at x = 0. False
III. f' is decreasing on (-2,0),s0 £"(xX) < 0 on that interval. True
IV. f' has horizontal tangents at x = 0,2, and 3, and f'(x) changes
sign at each point. True

p- 110

To have the graph of f both concave down and increasing, we must have £"(x) < 0 and
f'(x) > 0.

f(x) = ax>/2 _3x2
f'(x) = 6x1/2_6x = 6x1/2(1—x1/2)
£'(x) = 3x M2 6 = 312 (1-21/2)

1/2

Note that the presence of the factor x™/* in £"(x) forces x > 0, since £"(x) must be

defined in order to be negative.

Also x! /2 is always positive, so it is the other factors we must deal with in determining
whether f'(x) and f"(x) are positive or negative.

In order to have f'(x) >0 and £f'(x) < 0,
we must have 1—>c1/2 >0 and 1--?.):1‘(2 < 0.
Hence x”'2 <1 and %‘ < x”z
Therefore D<x<1 and 74-1 < X

This interval is (,1).
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10. p- 110
1
ﬂx) - x2 e ;;
1
Yinst = fix)=2x+ &
1 1
9- -—) 10--%
Jf8=10 ( e £ . 33167
Yave 30 3
Solving 2x + — = 3.3167 gives x = 1.5525.
e
11. p. 111
Solution .  Differentiate the given equation: 3 cos(3x) = f(x).
X X
[3cos(3t)dt = sin(3t)] = sin(3x) - sin(3a) = sin(3x) — 1.
a a
Thus sin(3a) = 1,so 3a =5, and a=35.
a
Solution II. Let x = @, then sin3a2-1 -ff(t) dt = 0.
a
Thus sin32 = 1,50 3a = i2‘-,zaz1d a= ?61
12. p. 111
xyz-—-ZO Since x is decreasing at a rate of
Differentiate implicitly: 3 units/sec, we know that % =-3.
yz%% +2xy-g-¥=0 Also,wheny=2,thenx=5.
Substituting these values in the derivative equation yields
4-3) + 25 F = 0
Hence 20% =12 so f = 2 units/sec
13. P- 111 f(X) = esin(1.5x— ])
g We need a right-hand Riemann sum with three
, subintervals on the interval [-1,2]. The
b subintervals to be dealt with are: [-1,0][0,1]
and [1,2].
i The right-hand function values are then:
f(0) = 04311
f(1) = 1.6151
AT f(2) = 2.4826

The sum of thg area of the right-hand rectangles is then the sum of these three right-
hand values (since each rectangle has width 1).

R.3 = 04311 + 1.6151 + 2.4826 = 45288
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4. E p.112
d
The graph of g = :gi—’;' shows two
zeros (extrema for y) and three extrema
(inflection points for y)
b n/2 "
— w2 | e
15. D p112
By the Second Fundamental Theorem, G'(x) = f(x). Hence the given graph is the graph
of the derivative of G.
I. G'(x) =f(x) =< Oon (1,2),s0 G is decreasing there. False
True

II. G'(x) =f(x) = < 0on (4,-3),s0 G is decreasing there.
III. G(—4) = 0 (since it is the integral from —4 to —4).

G(x) is a decreasing function on the interval [-4,0]
(since its derivative is negative-valued there). Thus
True

G0O) < G(-4) =0

6. D p.113

Jim g9 =1+ k-3
For the function f to be continuous, these limits must be equal.
Hence 1+k-3 = 3+b; thissimplifiesto k = 5+b.

. 1i
while x_l.‘]r_‘i_ f(x) =3 +b.

For the function f to be differentiable, xl—l‘rln_ f'(x) mustequal xl_l_rlrf,_ £'(x).

We find xljjf_ f'(x) = XI_{IIE @x+k) = 2+k
also 1M £ = Jim =3

Setting these last two limits equal, we have 2+k =3 so k=1
Then from the previous condition (k = 5 +b), we have b = -4.

17. B p.113
The position function is an antiderivative of the velocity function:

v(t) = t+2sint.

Hence x(t) = %tz_ 2cost + C.

The given condition that x(0) = 0 implies 0 = 0 — 2cos0 + C.
Therefore C = 2, and the position function is x(t) = %tz - 2cost + 2.
Now we must determine the moment when the velocity is 6.

v(it) = 6 = t+ 2sint=6.
We solve this equation with our calculator: t = 6.1887.
The position at that moment is x(6.1886965) ~ 19.1589.
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1. p.115 _
(a) The average velodity over theinterval 1 s t = 3 isgivenby
x(3) =x(1) _ (=/3) = (e’ = J1) B—— 5 1:difference quotient
S 2 ‘ ' 1:answer
(b) The velocity function is given by
vi) = x'(t) = e - L 1:velocity x'(2)
2Vt S, .
The velodity at time t = 1 is v(l) = e-% = 2218 ft/sec. 3 e
Since the velocity at time t = 1 is positive, the particle is moving to 1: direction
-axis at a speed of 2.218 1: speed

the right (in the positive direction) on the x
ft/sec.

The particle is maving to the right when
> 0. Shown to the right

(c)

.

1:velocity x'(¢) > 0
1:answer

v(t) = et
2

is a graph of the velocity function v(t).
When t > 0.176, the velocity is
positive-valued. Hence the particle is

i the ri Zero
g;:gf to the right when t > 0.176 Zr cnaaRE Y=0
) -lsxsl7 31=sy=31
(d) The velodity is 0 when t = 0.176 sec. 1:find t whenx'(£) =0
The particle’s position at that moment is x(0.176) = 0.773 ft. 24
1:answer
2. p- 116
(a) Lintearal
inte
2 &
1:answer

fx 4651n{ﬁr)dt=63.236 gallons

0
sin( &t
in(51) 'COS({"Z-I) is equal to 0 and 1:considerw'(¢) = 0

b
() On the interval 0 <7< 8, w'(f) = g‘--e
changes sign from positive to negative only once, when 3. }1:answer
1:justification

T’Iz*-t-% => { = 6hours
c ; 2 i i T
© joe f 2™ % 4 f 4™ B0 1342220116 1:limits
0 3 1+2¢
3:{1:integrand
1:answer

1:answer with reason

(d)
Amount of water is decreasing since W(12)-R(12)=-2.24 <0
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3. p.117
(a) K
\ A =0f28_xdx
2 k
= -—2e‘x]
1 k 0
= =2e "+ 2
2
1 k = 2= ;E

(b) The volume of the solid revolved about the x-axis is done using the disk
method.

k k
Vy = :-::J(Ze_x)z dx = nof(c;e‘z")dx

= [HZnehzx]k
0
= —2m(e - 1) = (- %)

lim _ lim 1
© oo Vx = 5 2(1- %)

I

IES

=2t - 2%x-0 = 2n

1:limits
3:J1:integrand

1:answer

1:limits
3:J1:integrand

1:answer

{l :limit
3:
2:answer




78 ' SOLUTIONS — Exam V Section Il Part B

Free-Response

4.

(b)

d
(c) a_xz=_2>£!_

x"+4
We separate variables:

Integrating both sides, we have ln’ y‘ = %]n’xz + 4‘ + C.

This can be rewritten lnly' = Inyx*+4 + C
Taking exponentials of both sides yields

ly| = Jdnvii+d+Cc _ C [a T,

Thisgives y = D ¥x*+4, where D = 15, depending upon the
initial conditions on y.

(d) Substituting the point (0,4) into the general solution, we have

4=D+0+4

From this we find that D = 2.

Hence the particular solutionis y = 2+x" +4.

5 1:zero slopes
"11:nonzero slopes

1: solution curve mustgo
through (-2,2), follow
the given slope lines
and extend to the border

1:separate variables
1:antiderivatives
1:constantof integration

1:solve for y

5 1:solves for constant
"11:answer

-~ =~ -u". -~ ﬁ'.ﬁJ ~ -u'ﬂ‘lld' ﬂﬂ'rfﬂﬂh [ ol HFH"H [l S o o o

!
i

F 1
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p- 119

(a) S(3) = f(1) + lf'(,n:)al::-s-u- 1-34+2)=5+5=10

(b) f'changes fromincreasing to decreasing or vice versa at x = -3, | and 3.

Thus the graph of f has points of inflection at x = -3, 1 and 3.

(© fisan increasing function < f'(x) >0.
This occurs on the intervals (—6,~4) and (-2, 6).
The graph of f is concave down where the graph of f' is decreasing.
This occurs on the intervals (-6,-3) and (1, 3).
Thus, the graph of f is increasing and concave down on the intervals

(-6,~4) and (1, 3).
@) #'xy= o] g0
At x =4,
H#®)=fle@®)] g'@).
With g(x) = xZ —3x — 1, g(4)=3 and g'(4) = S, we have
H'(4)=f3]-5=2-5=10

1: answer

l: x=-3,1and3
:{ 1: justification
[ 1:increasing intervals
(-6,-4), (-2, 6)
3:! 1: concave down
(-6,-3), (1, 3)

1: answer

[ 1H'(x)=f[s0)] &'
3:4 1: g(4), g'@)

1: answer
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6. p.120

X
(a) )= ’“[x“T 1 ]
Since the domain of the natural logarithm function is the set of positive e
: { s

numbers, we must have x_:T > 0. x4l
This is true if and only if either x > 0 or x < -1.
Hence the domain of f={ x ' x<-1or x>0}

1:answer

(b) Since f(x) can be written f(x) = Inx - In(x + 1) forx >0,
and f(x) = Inix! - Inlx+1)| forx<-1, we have
2: answer

in either case
' 11 _ _1
fx)= v =531 = x(x+1)°
(© ) =Ini--m2 while £@)=21
Thus the tangent line at the point (1,£(1)) has the equation feslime
2-{ '

y+In2 = 3 (x-1). : _
1:tangentequation

(d) To find an expression for g(x), where g is the inverse of f, we
interchange x and y in the rule for f(x), and solve for y.

x=h‘[}_¥-—1 = or = 37+L1- 1:interchange x and y
= yeX+e* = y 3:{1:solve for y
X X
- ‘i =Yy-ye 1:answer
= y(l—e) = e*
= = ex
y 1-¢"
x
E e
Thus g() = £ () = 5.
(1-€)-e"-e- ()  ox

Then g'(X) - (I_ex)Z T (1-e*)?




N
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. A pi121

Using the product rule we obtain the first and second derivatives of y = xe™ .

X

y -e + xe*

" X X X
Yime +e +xe )
” Thus y"”changes signat x = -2.
-2e* +2¢"

= ex(2 +x)

C p.121

4
Since H(4) = [ f(t) dt, then
1

H(4) = area trapezoid ABCD — area triangle DEF

b

i e e

1 1
=—(2)(1+2)-—(3)(2)=3-3
2((4-) 2()()

D e

-0 =
B p.122
Solution I y
2
lg,x—lldr= area of 2 equal triangles 1
! X
- 2({){”{” = ol 1 2
Solution II.
2 1 2 2 : 2 2 11,
gfx—lldx-5-x+1dx+{x-ldx=-?+x +—2—-x1-5+2=
E p.122

(A), (B), and (D) are part of the definition of continuity and hence true. (C) is a statement
equivalent to (A). (E) is the only one that could be false, for example, consider y = |x] at

x =0.




82 SOLUTIONS —Exam VI Section 1 Part A Multiple-Choice

5, C pi2

X
fasec? (21 + &)t w20 )| @ tan{2x+ F) - an = anf2e+ )
lgzsm; 2:+4 dt-un2r+4 lan2.r+4 —-mn4 tan2x+4 1.

6. A p.123

Using implicit differentiation on xy + x* = 6 we obtain

y+x'+2x=0 At x =]
xy' m-2x-y -y+1=6 and y= -5
y,_-2x—y Thus y'-2+5-_7
X -1
7. C p.123
Solution I.
} ¥ dx = i}"—'l"'— (2x dx) lIn(x2 + l)r l[lﬂl{} 1n5] -l-ln2
2x% +1 22x% +1 2 h 2 2
Solution II.
Let u = x> +1, then du = 2xdx. Then
10 l 1

f dx -f—- —du= lnu (mlo In5) = -ln2

x%+1 Ju 2

8. E p.123
f’(x) = esinx
I.  f'(x) = ™" cosx ) =1-1=1 TRUE
II. Slopeof y=x+1isl, and the line goes through (0, 1) TRUE
i
UL h(x) = f(x> = 1) W(x) = £ = 1)- (3x2) = 325D
Since h'(x) = O for all x, then the graph of h(x) is increasing. TRUE
9. D p.124

6
The total flow is f f(t) dt which is equal to the area under the curve. Each square under the
0

curve represents 10 gallons. There are 11 full squares and 2.5 part squares. Hence, the

approximate area is 13.5 x 10 = 135 gallons.

-
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B p.124

The instantaneous rate of change of f(x) = er — 3sinx is
P = 26 = Seasr.

Thus, £'(0)=2e® - 3c050 =2 -3 = e

1. p. 124

f’ is negative on (a, b) so f is decreasing there and (A) is graphof £ '

false. f' increases on (g, ¢), hence, " is positive and the

graph of fis concave up. As aresult, (B), (C), and (D) are also 5

false. !

(E) is true because f is an antiderivative of e /
12, p- 125

Using the Fundamental Theorem and the Chain Rule on

= 1
F(x)= dt, we obtain F'(x)= ————2x.
=) -!;2”3 * 2 4(x")
Then, F' I
en, F(-) =5 7°(-2)= -3

13. p- 125

f is not differentiable at x = 0 because Iixg_ fl(x)= li:g+ f'(x).

X = xX—

f is not differentiable at x = 3 because f is not continuous there.

Hence the answer is (D).
14, p- 125

o (P +a)(1)-1(21)  4-7  (2+1)(2-1)
- v t = x = = 2 -— 2 -
The velocity (zz < 4)2 (rz . 4) ( 2 4)

For t =0, v(t) =0 when # = 2.
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15.

D p-126

To find the maximum value of Sf(x)= 25 +3x% —=12x + 4 on the closed interval [0,2], we
evaluate the function fat the critical numbers and endpoints and take the largest resulting value.
F'(x) = 6x% 4 6x =12 = 6(x +2)(x 1) .

Thus in the closed interval [0,2], the only critical number is x = 1. The values of the function at
the one critical number and at the endpoints are

critical value: f(1) = -3
endpoints: f(0) =4 and f(2)=8

From this list we see that the maximum value is 8.

16. A p.126
Using the Chain Rule twice on f(x)= In(cos2x), we obtain
fi(x)= -(-sin2x)*(2).
cos2x
=-2 sa = —2tan2x.
cos2x
17. A p.126
The slopes of the segments in the slope field vary as x changes. Thus the differential
equation is not of the form % = g(y). That eliminates B, C and E of the five choices.
If the differential equation were % =x%+ yz, then slopes would always be at least 0.
They aren't in Quadrant III. That eliminates choice (D).
18. E p.127
1
y=~x+3 -{’,1::+3~;l2
‘wlix43) 2
¢ 2

1 1 1 1
At (1,2), ¥ = ———=—=— and the equation of the lineis y -2 = —(x -1).
e q y 4( )

When x =0, then y—Z—%(O-l)andy-%.
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19. B p. 127
Solution 1.
Using the Product Rule twice on f(x) = (x - 1)(x + 2)* gives
flx)=(x+2) +(x-1)"2x+2)
F'x)=2(x+2)+2(x+2)+2(x = 1)
=6x+6
Thus, f"(x) =0 when x = -1.

Solution II.
Multiplying out f(y) = (x - 1)(x +2)* gives
Jx) = (x=1)(x +2)°
-=(,\:—l)(x2 +4x+4) -2 +3x% -4
Fl(x)=3x" + 6x
f'(x)=6x+6, thus f"(x) =0 when x = -1.
20. C p.127

b

2y g = b2 223 [0 _ .3 263 _ 4bd
{(4bx-x)dx— 22| =2p’ -2

0

3
Thus i‘g—-as = p’=27 and b=3.

21. .C p.128
. : dy 1.2 . .2
Separating variables for -~ =3y, gives: 3y"dy = 1dx.
Integrating gives y° =x+C At(-1,-1), —-l=—1+C= C=0.

3 1/3
Thus, y' =x = y=x

The largest domain that contains (-1,-1)isx < 0.

173
Thus, y=x x < 0.
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22, C p.128
fxy=x' =5x" +3x

Fi(x)=3x? =10x+3 = (3x = 1)(x -3) and f'(x) <0 when %<x<3.

f"(x) = 6x-10 and f“(x) <0 when x«cg—.

Thus %— <x< g— satisfies both.

23. C p.128
Lis false as f'(x) <0 on (1, 3), hence f is decreasing on part of (2, 4).
Il is false as f'(x) goes from plus to minus at x = 2, hence f has a relative maximum there.
Il is true as f' has a horizontal tangent there which means that f'(x) = 0 and since the

slope of f’ changes sign there is an inflection point at x = 1.
Thus the answer is C.

24. B p.129
f(x) = arctan(2x — x°) F(x)=0 when x =1.
o 2-2x I+(2x-x2)2>0,sof'cxistsforall x ER.
o 22
1+(2x-x7) Thus x =1 is the only critical value.
25. C p.129

1is true because lin}lx -1/=0 and f(1) = 0, so fis continuous at x = 1.
—

II is true because y = ¢* is continuous for all real x and y = x -1 is continuous for all x, hence
the composite is continuous for all x.

III is false because at x =1, In(e’ = 1) = In(1 - 1) = In0 which is undefined.

Thus the answer is (C).

[T T o al o
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26. D p. 129
The number of motels is

5
- [1x - 5"

5 5 a1 5
0.2x e
{m(x)dx-{ll—e dx I!x—o.ze )

- (55-5¢') - (0-5¢°)
=55-5e+5
= 60 - Se
Since e =~ 2.71 and Se ~ 13.55, the number of motels is approximately 60 —13.55 ~ 46.

(N.B. Use em~3=>5¢m~15=>60-5¢~45 and (D) is still the best approximation.)

27, C p.130

The relationship between x, y, and z is Pythagorean: Z=xt+ yz.
The derivative with respect to time, ¢, gives

dy

242 5, dx a2y
2z dt 2x dr +2_y dr

dz _ . dx &
@ =*atya
When x =3 and y =4, thenz=>5.

Substituting 3 % for % and 2 for %':f, in (*) we obtain

(5)(2) = (3) 4 + 43 %)

dx
10 = 15 it
dx .2
dt 3’
28. E p.130
f(x) =sin(2x) + In(x + 1)

fl(x) = cos(2x) 2 + =1

£(0) =cos(0)-2+ gip=2+1=3.
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1. E p.131
(A) is true because in the neighborhood of x = a, f(a) is the smallest value.
(B) and (C) and (D) are true from reading the graph.
(E) is false because f' does not exist at x = a. (Use the contrapositive of the theorem: If
f(a) exists, then fis continuous at x = a; that is, if f is not continuous at x = a, then f'(a) does
not exist.)
2. C p.131
A horizontal tangent occurs when f'(x) = 0. f(x) = & 1637 +1
Fi(x) =36 +12x
Thus f'(x) = 0 when x =-0,156.
3. C p.132

Differentiating PV = ¢ with respect to ¢ gives % ‘V+P- %‘{— =0.

At P=100 and V =20 and %‘—;-=-—10,wehave ‘—g-’-zonow-w)-o

i
dP _ 1000 - 50 1b/in

dt 20 sec
4. C p.132
I is false because g”changes sign only at x =3, Graph of g"
3
1I is true because g"(x) <0 on (3, 4). 2
1
111 is true because g”(x) = 0 on (0, 2), thus g'(x)is non- - < "

decreasing there. Since g'(0) =0 and g' does not decrease,

then g'(x)>0 at x =2 and g is increasing there. Thus, the

answer is C,
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5. E p.132

To fin_dl the maximum velocity on the closed interval [0, 3], we evaluate the velocity function at
the critical numbers and endpoints and take the largest resulting value.

Using the Fundamental Theorem to find the derivative of s(t) = }(x?’ ~2x% +x) dx gives
0

V(t) = 5'(r) = r3 —-2:2 +1
V() =37 44 1= (Bt =) (e —1)

Thus on the closed interval [0, 3], the critical number are ¢ =1 and r = %

The values of the velocity function at the critical numbers and at the endpoints are
- . f1)_ 4

critical value: v(g) = 77 and v(l) =0

endpoints: v(0) = 0 and v(3) =12

From this list we see that the maximum velocity is 12 m/sec

6. D p.133

Solution I.  The rate of change = % =+2x+1.

On [0, 4 ], the average rate of change = —;43—0_[; 2%+ 1dx

4
é&x +DY? ax - %-[-%(2; + 32 %]

N

- %[93’2 -1] - 1527 -1]= 1

—

Solution II.  Average rate of change = i fnlnt(v‘Zx +1, x, 0, 4) = 2.1666

7. A p.133

Since f(x) is an antiderivative of f’'(x), then j:f’(x)dx = f(2) - f(0) =0,

8. B p.134

2 2 )
ﬁmx -k _ﬁm(x-rk)(x k) - li.m(x+k)-2
x=k # —hx x—k x(x k) r—k X

89



90 SOLUTIONS—Exam VI Section I Part B Multiple-Choice
9. B p.134
Let w = the weight of the duck, then %"}‘i - kw,
Separating the variables gives -‘—:-;dw = kdt.
Integrating yields Inw = &1 +¢ When =0 and w=2, thenC = 2,
wm e . e, when ¢t =4 and w=3.5, then 3.5 = 2¢**.
Thus 4k = In3.5 and k = 0.140. At 1=6, w=2¢""** = 4.63.
10. D p.135
Ax=dlal =l =2, =3x =4 ,
] ¥ =Ilnx
j; - T(AX)[)’O + 2}'1 + 2)’2 + }'3] f
=L (1)[0+21n2 +2In3+1n4] of 712 5 4 x
= 2.4849
11, C p.135 z
y
x/2 2
V=2{f (cosx)” dx=15708
0 / (x, cosx )
. 0 Ax x *
2 2
122 E p.136

Consider points P= (a - h,f(a- 1)), Q= (a.f(a)),and R=(a+ h,f(a + h)).
The definition of the derivative of f at x = a is the limit of the slope of the secant.

f@) - fla-h) _ - fla)— fla—h)

PO f'(a)=li 11
For PQ f'(a) l{r.r‘l) oo El__o =
_ - ) —

For OR f'(a)=-1im-——-—-———-—f{a+h) f@) et =18) I
=0 q+h-a k=0 h

Br PR Pl el DDt l) ., fOtR-JE-D 11

W0 (a+h)-(a~h) =0 2h

Since f is differentiable, all the limits exist and all three are true.
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Calculators SOLUTIONS —Exam V1 Section 1 Part B

13.

A p.136

b
S
P b_ufﬂ.\‘jdt.

Using fnlnt or graphing and using fI(x) dx for L(x) = e s }l; on a=15 to b =25

25
gives L —l— e

- 01x L de - -lo(1.437) ~0.144.
i +t dx = -(1.437) = 0

15

91

14, p.137
The graph of y = f'(x) = e*sin(x?) - 1 has three zeros on [0, 3]. x =0.715 is a relative
minimum, x =1.721 is a relative maximum, and x =2.523 is a relative minimum. Thus I and II
are true.
The graph of f' has three horizontal tangents on [0, 3], so f has 3 inflection points and IIl is
false.
15. p. 137
W 5| [ BT
Yave = 3T {¥ =37 73| =3 ~ 1
I
Solution I. Using the calculator to find the zeros of
35 (0" -1 =3, weobtain b = 3.
(b-1)b*+b+1) b +b+1
Solution I g7l—(b"-1) = = .
@1 3(b - 1) 3

b*+b+1
Solving -—3— --133. gives b*+b+l= 13,

then 5° +b+12=0,and (b+4)b-3)=0,s0 b=-4 or b=3.

The only solutionon [1,b] is b =3 .
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16. C p.138

2
0= 45

Substituting u=x®+1 and du=2xdr with x=0=>u=1and

3 10 10
x=3=>u=10 into [f(x)ds gives [ du=lou| =Ini0.
[} 1 1

Thus I is true.

Py (22 + 1) -2x2x) _ 2-2%" 21— x)1+x)
(x2 +1)? (x% +1)* (x* +1)

From f' we see the critical values are 1. At x =1, f'(x) goes from positive to negative, so
(1, 1) is a relative maximum and Il is true.

2(1-2)(1+2) ¢

217 ==357 thus III is false.

f2)

VN S SR Lol o S gt i T

17. B p.138
Using the graphing calculator, we graph y = arctan x yed= %" y=arctanx

and y =4 - x? on the same axes. Next determine the
intersection points A = (-2.270,-1.156) and
B =(1.719,1.044). B

The area under y =4 - x” and above y = arctanx is given

by 4

1.719

[(4 - x* ) - arctanx] dx = 10.972.
=2.270
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Exam VI
Scection Il
Part A — Calculators Permitted

1 po14o

() Divii:ie 10, 8] into four equal subintervals of [0, 2], [2, 4], [4, 6], and [6, 8]
wit
midpoints mo=1,my w3, m=5and my=7.
4 3:{1:answer
The Riemann sum is §, = 2 At R(m,)

1: R(1)+ R(3)+ R(5) + R(7)

4 1:meaning with units
where R(1) = 5.4, R(3) = 6.5, R(5) = 6.3, and R(7)=5.5.

Sy = 2(5.4) + 2(6.5) + 2(6.3) + 2(5.5) = 47.4 metric tons pumped out.

(b) Since R(2) = R(6) = 6.1, the Mean Value Theorem guarantees a time t

(1:yes
between t=2and t=6 when R(t) *“"R(éﬁ)_-z_R@ =D, 3:]2 TvWT
B 242 or
equivalent
© ¢ ¥
= [ _ 2
Qave 8"0-!‘8(36 +8r~¢ ) dt e
3:41:integrand
3 .
- 6%_-(36: + 4t = -"3—I = 5.833 metric tons per hour, | 1:answer
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2. p- 141
@@ To find the maximum velocity we first determine the critical numbers.
2
e (M) =7 (en(-0) L
The derivative (1) Tary i ) as )

and is continuous everywhere. Thus, the only critical numbers are inputs
for which v'(¢) = 0. From the factorization of v’ it is clear that
V() =0 = =zl

If ¢ <1, then v'(¢) > 0 and fis increasing; if > 1, then v/(r) <0 and fis
decreasing. Thus, f attains a relative maximum at ¢ = 1. In fact, since f
always increases to the left of f = 1 and always decreases to the right of
t = 1, it is clear that fattains its maximum value at ¢z = 1 at which its
maximum velocity is
LI % w15,

v(l) =1+
l+:2

() The position is found by integrating the velocity function.

i 1 2
(1) fnl”z dt £+ Il +1%) + C.

At time f = 0, the particle is at x = 1, thus

l-0+'2£'h'l(l)+c and C=1.
1
Hence, s(t)=t+-2-ln(1+t2)+l

© ([ 1) 0
lim v(t) = lim |1+ L =]l4——=]
[—>m 11— _12“"1 0+1

t

@ The position at time tis s(f) = ¢+ -;:ln(l + r2) +1.

1 .
Solving t + -;—ln(l + 12) +1=101 or t+ Eln(l + rz) +1-100 = 0 using the
graphing calculator gives ¢ = 95.441 .

2:{

1:Sets v'(1)=0

1:Identifiesx =1 asa

candidate

I:answer and explanation

I:J‘ w(1)dt
3:11: antiderivative
1: answer
1 : answer

1:solves s(7) = 101

1:answer
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Exam VI
Section 11
Part B — No Calculators
3. p.1a2
“) s 2 3
Arva -j‘w dx _f&‘.—lrs dx = 8x2? % [1: limits
1 1 i
) . 3:{ Linte d
= 1287 < 12(1)* = 48 -12 = 36, 1 -
l:answer
) : 173
The area from x =1to x = £ is fo" de = 1267 =12, [ 2:definiteintegral
. . s 1 s o 3 1:limits
i B _ 190 2z ives 123 _1S+12 _ 9 : :
ving 1247 - 12 36 = 15 gives & 5= 1 1: integrand
3 :
t-(3 -2 L snever
4 8"
© 8 8 2
y
Volume = Ezdx- E(s)dx I I St
{8 ] '.{8 EI?IE . 1:limits
R ( ”3\8 (8, 4)3:{ 1:integrand
= 831‘213&* = 8n 2 x 1answ
{ 173 Jl 2| 1 8 e

= 24xVx[ -2472 - 1) =247
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4. p. 143

(@ The acceleration is the rate of change of velocity; that is, the slope of the 1 el cxpanded st 4

velocity graph. The rocket's fuel was expended at ¢ = 4 at which point it 3: 41: v'(¢) = lineslope

continued upward but slowed down until 1 = 7 when it started to fall. S —
Thus the acceleration of the rocket during the first 4 seconds is

a-v’--’i’:g-zztftpersecz

4-0
®) The rocket goes up while v is positive. v >0 for 0 < ¢ <7 seconds. The 1:(1)>0
rocket rises for 7 seconds. 2-
1:answer
©) '{'he distance traveled on the interval [0, 7] is . 1:witmgle area = .E;J )t
f v(t) dt = the area of the triangle above the x-axis = %(?)(96) = 336 feet. 1:answer
0
@ The height of the tower is the difference between the distance the rocket
falls on 7 <t < 14 and the distance it rises from part (c). 1: triangle area
14 " |1:answer

f v(t)dr = area of the triangle below the x-axis = %(7)(224) = 784 feet.
7

The height of the tower is 784 - 336 = 448 feet.

e P e a T e gy ! el Pt P
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5. p.144
® Sqluhon curve passing through (1,0).  solution curve passing through (0.1)
VYN VXN 3
'y \:L_ / :; l\‘ t ’} {\‘:}-/f ! 1:curve through (1,0)
Y A\NpPA2 1Y YV 2:
{ =% —F R e A 1:curve through (0,1)
N2 CISFs L
VNSAS S VAN~F 770

(b)

(©

@

If y=2x+b istobe asolution, then g = 2. But we are given that

dy
Zr = 2x-y. Hence 2 =2x-y. Therefore y=2x-2and b=-2.
At the point (0,0), % = 2x -y =0. Therefore the graph of g has a

horizontal tangent at (0,0). Differentiating -zv—x implicitly, we have

d?y dy

F-Q--&‘;n2—(2x—y}
2
At the point (0,0), this gives %%’- =2, That means that the graph of &
is concave up at the origin. Since g has a horizontal tangent and is
concave up at the origin, it has a local minimum there.
The derivative of y = Ce™* +2x - 2is % = - Ce™® + 2. Substituting
the given equation % = 2x - y gives 2x—-y = —Ce™¥ +2. Solving for y

we obtain y = Ce™* + 2x - 2, which is the given solution.

1; answer

1

:

l:dx

:graph of g has

a horizontal tangent

at(0,0)

"11:show g"(0) = 2
1:answer

1: justification

dy

1:substitution
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Free Respoonse

6. p-145
@

G(x)= [f(1) dt and H(x)=[f(0) dt
2

-3

By the Second Fundamental Theorem, G'(x) = f(x) and H'(x) = f(x).
Gince the derivatives of G and H are the same, G and H differ by a
constant. Thatis, G(x)-H(x)=C forallxin the domain. This means
that the graph of G is the same as the graph of H, moved C units

vertically.
b

b c
To evaluate the constant C, note that: ff(f) dt -ff(r) di +ff(:) dt.
a a <

2

In particular, f F(e)de = [ f(2) de + ff(r) dt.
-3 -3 2

2 2
Thus G(x) = f £(1) dt + H(x). Hence G(x) - H(x) = f #(¢) dt. Using the
-3 -3

2
areas of the triangles C = [f(1) dt = = (2)(3) + FOD) = -7
-3

®)

Hisincreasing <> H'(x)= f(x)>0.
This occurs on the intervals (-5,-3) and (1,5).

(©) G has relative maximum values wherever H does. Because of the result
of part (b), this will be at x = -3, where g'(x) changes sign from plus to
minus.

@ Gisconcaveup <> G'(x)= f(x) is increasing.
This occurs on the intervals (-2, 1) and (1, 3).

G"(1) doesn't exist because f'(17) = %- while f'(1")=1.

1:G(x) and H(x)
2 differ bya constant

1: geometric explanation

2:answer

- {I:H’(x)- f(x)>0

> 1:answer
" |1: justification

e {I:G'(t)-—- f(r)isincreasing

1:intervals
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